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Preface 



As is known, the Lagrange and Hamilton geometries have appeared relatively 
recently [76, 86]. Since 1980 these geometries have been intensively studied 
by mathematicians and physicists from Romania, Canada, Germany, Japan, 
Russia, Hungary, U.S.A. etc. 

Scientific prestigious manifestations devoted to Lagrange and Hamilton ge- 
ometries and their applications have been organized in the above mentioned 
countries and have been published a number of books and monographs by spe- 
ciahsts in the field: R. Miron [94, 95], R. Miron and M. Anastasiei [99, 100], R. 
Miron, D. Hrimiuc, H. Shimada and S. Sabau [115], P.L. Antonelli, R. Ingarden 
and M. Matsumoto [7]. Finsler spaces, which form a subclass of the class of 
Lagrange spaces, have been generated some excellent books, due to M. Mat- 
sumoto [76], M. Abate and G. Patrizio [1], D. Bao, S.S. Chern and Z. Shen [17] 
and A. Bejancu and H.R.Farran [20]. Also, we remark on the monographs of 
M. Crampin [34], O. Krupkova [72] and D.Opri§, I. Butulescu [125], D.Saunders 
[144] - which contain pertinent applications in Analytical Mechanics and in the 
Theory of Partial Differential Equations. But the direct applications in Mechan- 
ics, Cosmology, Theoretical Physics and Biology can be found in the well known 
books of P.L. Antonelh and T. Zawstaniak [11], G.S. Asanov [14], S. Ikeda [59], 
M. de Leone and P.Rodrigues [73]. 

The importance of Lagrange and Hamilton geometries consists of the fact 
that the variational problems for important Lagrangians or Hamiltonians have 
numerous applications in various fields, as: Mathematics, Theory of Dynamical 
Systems, Optimal Control, Biology, Economy etc. 

In this respect, P.L. Antonelli's remark is interesting: 

'There is now strong evidence that the symplectic geometry of Hamiltonian 
dynamical systems is deeply connected to Cartan geometry, the dual of Finsler 
geometry', (see V.LArnold, I.M.Gelfand and V.S.Retach [13]). 

But, all of the above mentioned applications have imposed also the intro- 
duction of the notions of higher order Lagrange spaces and, of course, of higher 
order Hamilton spaces. The base manifolds of these spaces are the bundles of 
accelerations of superior order. The methods used in the construction of these 
geometry are the natural extensions of the classical methods used in the edifica- 
tion of Lagrange and Hamilton geometries. These methods allows us to solve an 
old problem of differential geometry formulated by Bianchi and Bompiani [94] , 
more than 100 years ago. Namely, the problem of prolongation of a Riemann 
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structure g defined on the base manifold M, to the tangent bundle T'^M, k > 1. 
By means of this solution of the previous problem, we can construct, for the 
first time, good examples of regular Lagrangians and Hamiltonians of higher 
order. 

While the higher order Lagrange geometry has been sufficiently developed we 
can not say the same thing about the higher order Hamilton geometry. However 
the beginning was done only for the case /c = 2, in the book [115]. The reason 
comes from the fact that, in the year 2001 we hadn't solved the variational 
problem for a Hamiltonian which depends on the higher order accelerations and 
momenta. This problem was solved this year, [98]. Another reason was due to 
the absence of a consistent theory of subspaces in the Hamilton space of order 
k, k >1, such kind of theory being indispensable in applications. 

In the present book, we give the general geometrical theory of the Hamilton 
spaces of order k > 1. This is not a simple generalization of the theory ex- 
pounded for the case fc = 2 in the monograph 'The Geometry of Hamilton and 
Lagrange Spaces' Kluwer Acad. Publ. FTPH, no. 118, written by the present 
author together with D. Hrimiuc, H. Shimada and V. S. Sabau, but it is a global 
picture of this new geometry, extremely useful in applications from Hamiltonian 
Mechanics, Quantum Physics, Optimal Control and Biology. 

Consequently, this book must be considered a direct continuation of the 
monographs [94], [95], [99] and [115 ]. It contains new developments of the sub- 
jects: variational principles for higher order Hamiltonians; higher order energies; 
laws of conservations; Nother theorems; the Hamilton subspaces of order k and 
their fundamental equations. Also, the Cartan spaces of order k are investigated 
in details as dual of Finsler spaces of the same order. 

In this respect, a more explicit argumentation is as follows. 

The geometry of Lagrange space of order fc > 1 is based on the geometrical 
edifice of the A:- accelerations bimdle (T'^M, tt*^, M). 

In Analytical Mechanics the manifold M is the space of configurations of 
a physical system. A point x = (a;*), {i = l,...,n = dimM) in M is called 
a configuration. A mapping c : t G I ^ {x'^{t)) G U C M is a law of moving 

(evolution), t is time, a pair {t, x) is an event and the fc-uple 
gives the velocity and generalized accelerations of order 1, k—1. The factors 
— (h = l k) are introduced here for the simplicity of calculus. In this book 

we omit the word 'generalized' and say shortly, the accelerations of order h, 
1 d^x^ 

for — . A law of moving c : t G I ^ c{t) G U will be called a curve 

parametrized by time t. 

A Lagrangian of order fc > 1 is a real scalar function L{x,y^^\ j/^'^^) on 
1 (i''x* 

T^M, where y^''^' = — , , . This definition is for autonomous Lagrangians. A 

h\ dt"- 

similar definition can be formulated for nonautonomous Lagrangians of order k, 

by 



/dx' 
\dt'' 



1 d'^x' 
'M~dF 



L : {t, X, , j/^'^)) e R X T*=M ^ L{t, x, y^^\ y^^^) G R, 
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L being the scalar functions on the manifold R x T^M . 

The previous considerations can be done for the Hamiltonians of order k. 

1 dL 

Let Pi = — , . . be the 'momenta' determined by the Lagrangian L of order 

2 oyC^'^ 

k. Then a scalar function 

if : (x,!/^,...,^^^-!),^ eT*'=M^7J(x,y(i),...,y('=-i),p) e R, 

is an autonomous Hamiltonian of order k. It is a function of the configurations 
X, accelerations y^^\ of order 1, k — 1 and momenta p. 

A similar definition can be formulated for nonautonomous Hamiltonian of 
order k. 

For us it is preferable to study the autonomous Lagrangians and Hamilto- 
nians, because the notions of Lagrange space of order k or Hamilton space of 
order k are geometrical concepts and one can construct these geometries over the 
differentiable manifolds T'^M and T*'^M, respectively. Of course, the geome- 
tries of nonautonomous Lagrangians L{t,x,y^^\ ...,y^''^) and nonautonomous 
Hamiltonians H{t, x, y^^\..., y^''~'^\p) can be constructed by means of the same 
methods. One obtains the rheonomic Lagrange spaces of order k and rheonomic 
Hamiltonian spaces of order k. 

Now we know the usefulness of the geometry of Higher order Lagrange space 
(see the book [94]). But why do we need a geometry of Hamilton spaces of 
order k > 1? Clearly, for the same reason as for the Lagrange case: For the 
determination of the adequate geometrical models for the Hamiltonian Mechan- 
ics of order k. This must be a natural extension of the classical Hamiltonian 
Mechanics, expounded by V.L Arnold in the book [12] or R.M. Santilli in the 
book [139]. 

The problem is why did we use the manifold T*^M as the background for 

the construction of the Hamilton geometry of order k. The answer is as fol- 
lows. We need a 'dual' of the k - acceleration bundle {T'^M, n'^, M) denoted by 
(T*'^ M , 7T*'' , M) which must have the following properties: 

1°. T*^M = T*M, {{T*M,TT*,M) is the cotangent bundle). 

2°. dimr*'=M = dim T'^M = {k + l)n. 

3°. The manifold T*''M carries a natural presympletic structure. 

4°. T*^M carries a natural Poisson structure. 

5°. T*^M is local diffeomorphic to T^M. 
Wc solved this problem by considering the differentiable bundle 
(T*'=M,7^*^M) as the fibred bundle {T^-^M XmT*M,t:^-^ Xmtt*,M). So 
we have 

T*''M = T''-'^M XmT*M, 7r*'= = tt'^-^ Xmtt*. 

A point u € T*^M is of the form u = {x,y^^\ ...,y^''~^\p). It is determined 
by a configuration x = (x^), the accelerations 

= —,...,y^^~^'' = (fc ~ 1)! d^fc-i '^'^^ momenta p = {p^). 
All previous conditions l°-5° are satisfied. These considerations imply the 
fact that the geometries of higher order Lagrange space and higher order Hamil- 
ton space are dual. 
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The duality is obtained via a Lcgendre transformation. 

For a good understanding of the important concept of duahty we had to 
make a short introduction to the geometrical theory of Lagrange and Finsler 
spaces of order k and then continue with the main subject of the book, the 
geometry of Hamilton and Cartan spaces of order k. 

The Lagrange spaces of order k are defined as the pairs LW» = (M,L), 
where L is a regular Lagrangian of order k. By means of variational calculus 

the integral of action 7(c) = J L I x{t), •••> rTTT ) gives the Euler- 

Q \ (ti rCl (ti J 

Lagrange equations and the Craig-Syngc equations. The last equations de- 
termine a canonical fc-semispray S. The geometry of the space L^*^)" can be 
developed by means of the fundamental function L, of the fundamental tensor 

1 y^L 

Qij = - g {k)iQ (k)j °^ canonical fc-semispray S. The lifting of the pre- 
vious geometrical edifice to the total space T'^M will give us a metrical almost 

contact structure, canonically related to the Lagrange space of order k, L^*^^". 
Of course, this structure involves the geometry of the space L^*^)". 

An important problem was to find some remarkable examples of spaces 
for fc > 1. By solving the problem of prolongations to T''M of a Riemannian 
structures g given on the base manifold M, we found interesting examples of 
Lagrange spaces of order k. 

For the applications, one studies the notions of energy of order 1, 2, k and 
one proves the law of conservation for the energy of order k and a Nother type 
theorem. 

The spaces lC^)" have two important particular cases. 

The Finsler spaces of order k, F^*^'", obtained when the fundamental func- 
tion L is homogeneous with respect to accelerations y^^\ y^^\ and the Rie- 
mann spaces of order fc, 7^('=)" arc the spaces L^^)" for which the fundamental 
tensor gij does not depend on the accelerations y^^\ y^''\ 

Therefore we have the following sequence of inclusions, [94] : 



(*) |7^(*^)"} c IfC^)"} c IlC^)"} c jcLC^)"} . 

In the case k = 1 this sequence admits a dual, which is obtained via Legendre 
transformation. In the book [115] we have introduced the 'dual' of the sequence 
(*) for the case k = 2. 

Now, the main problem for us is to define and study a dual sequence of the 
inclusions (*) in the dual Hamilton space of order k. 

A Hamilton space of order fc is a pair 

fjik)n ^ (^M,H), where 
H : G T*''M H{x,y'^^\ ...,y'^^-^\p) G R is a regular 

Hamiltonian. Here, the regularity means: the Hessian of H, with respect to 
the momenta Pi, is not singular. The elements of the Hessian matrix are g'^^ = 

1 d^H 

-— — — . Thus H is called the fundamental function and o'-' the fundamental 

2 dpidpj 

tensor of the space iJ^*^)". The geometry of the space if^'^)" can be based on 



Preface 



xi 



these two geometrical object fields: H and g'^ . In the case when g*^ = g^-'{x) 
we have a particular class of Hamilton spaces 7^*('=)" called Riemannian. If the 
fundamental function H is 2k -homogeneous on the fibres of the bundle T*'^M, 
the spaces arc called Cartan spaces of order k and denoted C^'^^". 

Finally, a pair GH'^'^')"- = {M,g^^), where g^^ {x,y^^\ ...,y^''~^\p) is a sym- 
metric, nonsingular, distinguished tensor field which is called a generalized 
Hamilton space of order k. 

Consequently, we obtain the sequence of inclusions 

(**) |7e*W"| c |c*W"} c {ii^'')"} c {cii^'')"} . 

This is the dual sequence of the sequence (*) via the Legendre transformation. 

The main goal of this book is to study the classes of spaces from the sequence 
(**). The chapters 4-11 of the book are devoted to this subject. 

Therefore we begin with the geometry of the total space T*'^M of the dual 
bundle {T*''M,tt*'',M) of the fc-tangent bundle {T^M,-k^,M) underline: verti- 
cal distributions; Liouville vector fields; Liouville 1-form uj = Pidx^; the closed 
2-form 6 = dio which defines a natural presymplectic structure on T*'^M. In the 
chapter 5 a new theory of variational problem for the Hamiltonian H of order 
k is developed starting from the integral of action of H defined by 

/■\ dx^ 1 dx 1 d'^-'^x , 

One proves that: the extremal curves are the solutions of the following 
Hamilton-Jacobi equations: 



dx^ _ldH 
dt 2 dpi ' 

dpi ^ IrdH d OH fc_i 1 d''-^ dH 

dt 2^dxi dtdy(^)' ^'^ ^ ' {k - 1)\ dt^-^ dy^^-^)'^' 

These equations are fundamental in the whole construction of the geometry 
of Hamiltonians of order k. They allow the introduction of the notion of energy 
of order k — 1,...,1, £''^^{H), ...,£^{H) and prove a law of conservation for 
£''~^{H) along extremal curves. Now we can introduce in a natural way the 
Jacobi-Ostrogradski momenta and the Hamilton- Jacobi-Ostrogradski equations. 

A theory of symmetries of the Hamiltonians H and the Nother type theorems 
are investigated, too; a specific theory of tangent structure J and its adjoint J*; 
canonical Poisson structure; the notion of dual semispray, which can be defined 
only by k > 2; nonlinear connection N; the dual coefficients of N; the almost 
product structure P, almost contact structure F and Riemannian structure G, 
are studied. 

We pay special attention to the theory of A/'-linear connections; curvatures 
and torsions; parallelism and structures equations. 
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Chapter 8 is devoted to the main subject from the book: Hamilton spaces 
of order k, iJ^*^)" = {M,H{x,y'^^\ ..,y^^~^\p)). To begin with, we prove the 
existence of these spaces and the existence of a natural presymplectic structure, 
as well as of a natural Poisson structure. Using the Legendre mapping from 
a Lagrange space of order k, L^*^)" = (M, L) to the Hamilton space of order 
j,^ jj(k)n _ one proves that there is a local diffeomorphism between 

these spaces. A direct consequence of prcvioiis results one can determine some 
important geometric object fields on the Hamilton spaces ifC^)", namely: the 
canonical nonlinear connection, the N-linear metrical connection given by gen- 
eralized ChristofFel symbols. Evidently, the structure equations, curvatures and 
torsions of above mentioned connections are pointed out. The Hamilton- Jacobi 
equations and an example from Electrodynamics end this chapter. 

y{k)m V V , , 

A theory of subspaces H = ^,H) in the Hamilton spaces iJC^^" = 
(M, H) appears for the first time in this book, ch. 9. Of course, it is ab- 

V ^ 

solutely necessary, especially for applications. ButM being a submanifold in 

' ^ V 

the manifold M, the immersion i :M— > M does not implies automatically an 
immersion of T*''M into the dual manifold T*'=M. 

V 

So, by means of an immersion of the cotangent bundle T*M into T*M we 
construct T*''M as an immersed submanifold of the manifold T*'^M. 

The Hamilton space H'^"''^ = (M, H) induces Hamilton subspaces H = 

V V V C^)™ 

(^,H). So, we study the intrinsic geometrical object fields on H and the 

induced geometrical object fields, as well as the relations between them. These 
problems are studied using the method of moving frame - suggested by the the- 
ory of subspaces in Lagrange spaces of order k. The Gauss- Weingarten formulae 
and the Gauss-Codazzi equations are important results. 

In chapter 10 we investigate the notion of Cartan space of order A; > 1 
as dual of that of Finsler space of same order. We point out the canonical 
linear connection, N-metrical connection, structure equations, the fundamental 
equations of Hamilton Jacobi and the Riemannian almost contact model of these 
spaces. 

The last chapter, Ch. 11, is devoted to the Generalized Hamilton spaces 
GH'^k)n^ Generalized Cartan spaces GC^^'>^ and applications in the Hamiltonian 
Relativistic Optics. 

Now, some remarks. The book can be divided in three parts: the Lagrange 
geometry of order k, presented in the first three chapters, the geometrical theory 
of the dual manifolds T*'^M - chapters 4-7 and the geometry of Hamilton spaces 
of order k and their subspaces, contained in the last four chapters. They are 
studied directly and as 'dual' geometry, via Legendre transformation. More 
details for Lagrange geometry of order k can be found in the book [94]. Also, 
the particular case, fc = 2, of the geometry of Hamilton spaces can be 

found in the book [115]. 

For these reasons, the book is accessible for readers from graduate students 
to researchers in Mathematics, Mechanics, Physics, Biology, Informatics, etc. 



Preface 



xiii 



Acknowledgments. I would like to express my gratitude to P.L. Antonelli, 
M. Anastasiei, A. Bejancu, M. Matsumoto, R.M. Santilli, P.S. Morey Jr. and Izu 
Vaisman for their continuous moral support and numerous valuable suggestions, 
as well to my collaborators: H. Shimada, D. Hrimiuc and V.S. Sabau, for the 
realization of the joint book [115]. 

Special thanks to I. Bucataru, M. Roman (University of Ia§i), to Ph. D. 
Assistants L. Popescu, F. Munteanu and to Professor P. Stavre (University 
of Craiova) who gave the manuscript a meticulous reading and typeset the 
manuscript into its final excellent form. 

Finally, I should like to thanks to Kluwer Academic Publishers for co- 
operation. 



THE GEOMETRY OF HIGHER-ORDER HAMILTON SPACES 



Chapter 1 



Geometry of the A;- Tangent 



The notion of k- tangent bundle (or fc-accelerations bundle or k- osculator bun- 
dle), (T'^M, tt'^, A'/) is sufficiently known. It was presented in the book [115]. 
The manifold T'^M carries some geometrical object fields as the vertical 



distributions Vi, 14, the Liouvillc independent vector fields F, F, with the 

k fc-1 1 

properties F belongs to Vi , F belongs to V2,... and F belongs to the distribution 

12 2 3 

Vfe. On T M is defined a k- tangent structure J which maps F on F, F on F , 

k-l k k 

F on F and J F= 0. 

Besides these fundamental notion on T''M we can introduce new concepts as 

the k- semisprays S, nonlinear connections and the N- linear connections D. 

But for D we can get the curvatures, torsions, structure equations, geodesies, 

k 

etc. The k- semispray S is defined by the conditions JS =T ■ It is important to 
remark that S is used for introducing those notions as nonlinear connection, or 
A'^- linear connection. 

Concluding the geometry of fc-accelerations bundle is basic for a geometrical 
theory of higher order Lagrange spaces or higher order Finsler spaces. In this 
book we need it for a theory of duality between higher order Lagrange spaces 
and higher order Hamilton spaces. 

1.1 The Category of /c- Accelerations Bundles 

Let M be a real n-dimensional manifolds of C°° class and {T''M,tt'^,M ) its 
bundle of accelerations of order k. It can be identified with the fc-osculator bun- 
dles [94] or with the tangent bundle of order k. In the case fc = 1, {T^M, n^,M) 
is the tangent bundle of the manifold M. 

A point u e T^M will be written asu = {x,y'^^\ ...,y'^''^) and Tr''{u) = x, x £ 
M. The canonical coordinates of u are (a;%y^^'', j/^'^^*), i = l,n, n = dimM. 



Bundle 




1 



k 



1 



2 
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These coordinates have a geometrical meaning. If c : / ^ M is a difFeren- 
tiable curve, c(0) = xq G M, and Im c C U, \J being a local chart of the base 
manifold M, and the mapping c : / ^ M is represented by a;* = t £ I, 

then the osculating space of the curve c, in the point Xq = (0) is characterized 
by the set of numbers: 



(1.1.1) 



dt ^ ' ' ^ k\ dtk 



Thus, the formulas (l-l-l) give us the canonical coordinates of a point uq = 
{xo,y^^\:;y^''^) of the domain of the local chart (7r'=)-i(t/) C T^M. 

Starting from (1.1.1) it is not difficult to sec which are the changing rules of 
the local coordinates on T'^M : (a;\ y^*^) (P, y^^^*, y^^- 

We deduce: 



(1.1.2) 



cc* = a;*(x^, ...,x"), rank 
dx 



dx^ 



y 



(i)i 



" dxi ^ 

957(fe-i)i 



dx^ 



,(2)i 



-y 



(i)i 



(2)i 



dxi " dyi^)^ " 

But we must remark the following identities: 



k 



(1.1.3) 



dx^i 



Qy(k-a)j 



J, (a = 0, ...,k - 1; y 



(0) 



x). 



In the following T^M is canonically identified to M. Sometimes we employ 
the notations t/'-''-'* — x\ The projections: 

Trf : {x,y^^\...,y^''^) € T^M ^ {x,y^^\ ...,y^''^) e T'M, (0 < Z < fc) 

are submersions. Clearly ttq = tt*^. 

A section S : M T'^M oi the projection tt'^ is a differentiable mapping 
with the property tt*^ o S* = Ij^f . It is a local section if tt'' o 5 1[/ = 1[/. Of course a 
section S : M ^ T'^M along a curve c : I ^ M has the property 7r'^(5(c)) = c. 

If c : / ^ M is locally represent on C M by = x^{t) then the mapping 
c: I ^T^M given by: 



(1.1.4) 



(t), t e 7 



is the extension of order k of c. Of course tt*' o c = c. So c is a section of tt'^ 
along c. 
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More general, if F is a vector field on the domain of a chart U and c : I ^ U 
is a curve, then the mapping 

Sv-.c-^ {w'')-\U) C T'=M, defined by 

(1.1.5) Sv:x'= x\t), = V\xit)), = l^^I^Zl^^' * ^ / 

is a section of the projection tt*^ along curve c. 

Of course the notion of the section of along T'M can be defined, as in 
the previous case. 

The following property hold: 



Theorem 1.1.1 If the differentiable manifold M is paracompact, then T'^M is 
a paracompact manifold. 



We can see, that 



T'= : Man Man, 



where Man is the category of differentiable manifolds, is a covariant functor. 

Indeed we define: 

T'' : M e ObMan T'^M e ObMan and 
T'= : {/ : M ^ M'} {T^ f : T^M -> T^M'} as follows: 
if f{x) in the local coordinate of M is given by a;' = a;' (a;^, a;"), 
i' ,j' = l,...,m = dimM', then the morpfism T^f : T^M T^M' is defined 
by: 



(1.1.6) <^ 



a;*' = a;''(a;^, a;"), 
(i)i' ^ ^y(i)i 

^ dxi ^ ' 



dx3 

Remarking that 
(1.1.7) ^ - ^ 



(a = 0,...,fc-l; =a;), 



we can prove without difficulties that T*^ is a covariant functor. 
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1.2 Liouville Vector Fields. /c-Semisprays 



A local coordinate changing (1.1.2) transforms the natural basis of the tangent 
space r„(r'^M) by the following rule: 



(1.2.1) 



d _ 

d 

d 



dx^ dxi dx^ dyWj 



+ 



)y{k)j d 

dx^ ayC^)-?' 

Qy(k)i Qy(k)j ' 



calculated at the point u e T'^M. 

These formulas imply the transformation of the natural cobasis at the point 
u e T'^M by the rule: 



(1.2.1') 



dx' 



dx 



vrr(i)i = 



dx^ + 



dxi 



-dx-' 



~,(k)i 



+ ... 



dy(k)3 



dy^ 



The matrix of coefficients of second member of (1.2.1) is the Jacobian matrix 
of the changing of coordinates (1.1.2). Since 



dx'' 
dx^ 



T(l)i 



7(fe)i 



dyWj 



dy(''')i ' 



it follows. 

Theorem 1.2.1 If the number k is odd, then the manifold T''M is orientable. 

Also the formulae (1.2.1), (1.2.1') allow to determine some important geo- 
metric object fields on the total space of accelerations bundle T^M. 

The distribution Vi : u & T^M Vi^u C T„(T'=M) generated by the tangent 



vectors { - 



d 



d 



}„, Vu e T'^M is the vertical distribution on the bundle 



T'^M. Its dimension is kn. 

V2:uG T'^M ^ V2,u C T„(T^M) generated by {-^^^^^. , ^^^^^ 

T'^M is a subdistribution of Vi of local dimension [k — l)n, 



d 



d 
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Vk-.ue T^M Vk,u C T„(T*=M) generated by {g^Ju, Vm e T'=M is a 

subdistribution of dimcinsion n of the distribution Vk-i- All these subdistribu- 
tions are integrable and the following sequence holds: 

V1DV2D ... D Vk 

Using again (1.2.1) we deduce: 

Theorem 1.2.2 The following operators in the algebra of functions J^iT'^M) : 



^ y dyik)i ' 



(1.2.2) ^ ^ 



are vector fields globally defined on T'^M and independent on the manifold 
T'^M = T'^M \ {0}, r belongs to distribution Vk, T belongs to distribution 

k 

V/j_i,...,r belongs to distribution Vi. 

Taking into account (1.2.1') it is not hard to prove: 

Theorem 1.2.3 For any dijferentiable function L{x,j/'^\ .... j/ on the 
manifold T^M, the following entries doL, ...,dkL are 1-form fields on T^M : 

8T r)T 



Evidently, dkL = dL is the differential of the function L. But: 
doL vanish on the distribution Vi, 
diL vanish on the distribution V2, 



dk-iL vanish on the distribution Vfe. 
In applications we shall use also the following nonlinear operator 

(1-2-3) r = ,w^^ + 2,(^)^-A_ + ... + fc,('=)« ' 
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A fc-tangcnt structure J on T'^M is defined as usual by the following 
J"(T'=M)-linear mapping J : X{T''M) X{T''M) : 

(1.2.4) 

d d d 

J is globally defined on T'^M. It is a tensor fields of type (1,1) on T'^M, locally 
expressed by 

^ = ^ + « 'y'''' + - + ^ 

The last form of J implies that J is an integrable structure. The k -tangent 

structure J has the following properties: 
1°. /mJ= Fi, KerJ ^Vk. 
2°. rank J = kn. 

k k-l 2 1 1 

3°. Jr= r Jr=r, Jr=o. 

4°. J o ... o J = 0, (fc + 1 factors). 

A fc-semispray on the manifold T'^M is a vector field S on T'^M with the 
property 

(1.2.5) JS =T . 

The notion of local &-semispray is obvious. 

Any fc-semispray S can be uniquely written in the form 



(1-2-6) S = y^^>^g- + ... + ky^'^'g^, -{k + l)G\xy^>, y''^)^^, 
or shortly 

d 



(1.2.6') S = T-{k + l)G\x, 2/(1), y^"^) 



Qy(k)i ■ 



The set of functions is the set of coefficients of S. With respect to (1.1.2), 
are transformed as following: 

(1.2.6") (fc + l)& = {k + 1)G^|^ - ryW\ 

A curve c : / — > M is called a k-path on M with respect to a fc-semispray 5* if 
its extension c to T'^M is an integral curve of S. If S is given in the form (1.2.6), 
then its fc-paths are characterized by the system of differential equations: 

- ^ , d kC ' , , ^ \ . / dx d X . _ 

(1.2.7) ^ + (fc + l)!ff(x, ^) = 0. 



Geometry of the k-Tangent Bundle T'^M 



7 



Indeed, the solutions curves of S are given by the system of ordinary differential 
equations 

dt ^ ' dt y ' ' y ' 

^ = -(fc + l)ff(a=,y«,...,yW). 

If we eliminate y'^^', we obtain (1.2.7). 

The previous theory will be used in the geometry of higher order Lagrange 
spaces, which is based on the regular Lagrangians of higher order. 

Now, let us considered the adjunct fc-tangent structure J*. It is the endo- 
morphism of the module X*{T''M), defined by: 

J*{dy(^)') = rfyC^-i)' = rfyW' o J, 

J*(^y(fe-l)^) = c;y(fe-2)* = o J, 

(1.2.8) J*{dy^'^^') = dy(^^' = dy^'^^' o J, 

J*(dy(i>) =da;' =d?/(i)'o J, 

J*{dx') = 0. 

By using the formula (1.2.1') is not difficult to prove: 
Theorem 1.2.4 J* is globally defined on T'^M. 
l{w€X*{T''M) is given by 

to =uji dx'+ '^coi dy^^^' + ...+ %\ dy'^^^\ 



then 



J*uj = dx' + ...+ dyC^-i)^ 



We put J* f = f for any function / G T{T'^M) and observe that J* is a tensor 
field, of type (1, 1) on T'^M. Namely, we have 

Pi 

(1.2.9) r = dy'^^-^^' O —jTy + dy^^-"^^' ® „ + ... + dx' 



The rank || J*|| = kn. J* can be extended to an endomorphism of the exterior 
algebra A(T'=M), by putting 

(1.2.10) {J*oj){Xi,...,Xp)=Lj{JXi,...,JXp),yuj e Af(T'=M). 

The existence of J* allow to introduce the so called vertical differential 
operators in the exterior algebra A(T*'M). 
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Indeed, let us consider the operators of differentiation dk : 



We get: 



(1.2.11) 



d- ax + . ay +... + ^^(^^^ ay . 



d 



It is not difficult to prove that the operators dk,dk-i, ■■■,do do not depend 
on the changing of coordinates on the manifold T^M. If L{x,y^^\ ...,y^''^) is 
a l-form function on T'^M, then dkL,dk-iL, ...,doL are differentiable given by 
(1.2.2'). 

But do, rfi, dfe can be extended to the exterior algebra A{TM) giving them 
restrictions to F{T^M) and A^(T^M). So, we will take doL, ...,dkL expressed 
in (1.2.2') and 

(1.2.12) dc^idy^^'") = 0, (a, ^ = 0, 1, ...k; = x). 

Consequently d^, ...,dk are the antiderivations of degree 1 in the exterior algebra 
A(r'=M). For instance, if w € A^(r'^M) and it is locally express by 

a; =SUa;V + ...+ SUyW^ 

then 

k ^^^^ 

daOJ=^da Li i Ady''^^\ {a = 0, ...,k). 
13=0 

It is not so difficult to see that the following properties hold: 

(1.2.13) daoda = 0, {a = 0,...,k). 

In the case k = 1, -doL = -^—^dx^ = Pidx^ is the Liouville 1- form and 
2 2 oy^ 

-{di o d2)L = dpi A dx^ is the symplectic structure on TM. 



1.3 Nonlinear Connections 

The notion of nonlinear connection is also known, [94]. A subbundle HT^M of 
the tangent bundle {TT^M,d'K^ ,T^M) which is supplementary to the vertical 
subbundle V^T'^M : 

TT'^M = HT'^M e ViT'^M 
is called a nonlinear connection. 
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The fibres of HT^M, determine a liorizontal distribution N : u e T'^M — )• 
Nu = HuT'^M C TuT^M, Vw e T'^M, supplementary to tlie vertical distribution 
Vi, i.e: 

(1.3.1) TuT^M = Nu® Vi,u, Vu e T^M. 

If the base manifold M is paracompact then on T*^M there exist nonlinear 
connections. The dimension of the horizontal distribution is n = dim M. 

Consider a nonlinear connection N on T^M and denote by h and v the 
horizontal and vertical projectors with respect to the distributions N and Vi : 

h-\-v = I,h^ = h,v^ = v,hv = vh = Q. 

As usual we denote 

x" = hx, x^ = vX, yx e X{T^M). 

An horizontal lift, with respect to is a J^(M)— linear mapping 1^ : X[M) — >• 
X{T^M) which has the properties: 

volh = Q, dn'' olh=l^ 

There exists an unique local basis adapted to the horizontal distribution A''. 
It is given by 

(1.3.3) ^ = /.(^),(i=l,...,n). 

The linearly independent vector fields = l,...,n) can be uniquely 

written in the form 

(134) A = A_iv^^_ ^N^^ 

The system of functions (A^^^, ■■■,N-) gives the coefficients of the nonlinear 

(1) (fc) 

connection A^. 

We remark that: 

1) For X = X'(x)—^ e X(M) the horizontal lifts is Ih X = X' — . 

ox^ ox* 

2) With respect to (1.1.2), we obtain 

5 dx'-' 5 
6x^ dx^ Sx^ 

3) With respect to (1.1.2) the coefficients of N are transformed by the rule 

ax™ ^ TV,-" 



(1.3.5) 



(^i^ dxi dx"^ dxi ' 



(fc) dx^ dx"" dx"" dxi 
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The fc-tangent structure J, defined in (1.2.4) applies the horizontal distri- 
bution into a vertical distribution A^i C Vi of dimension n, supplementary 
to the distribution ¥2- Then it applies the distribution A''i in a distribution 
.^2 C V2, supplementary to the distribution V3 and so on. Of course, we have 
dim A'^o = dimiVi = • • • = dimiV/j_i = n. 

Setting A^o = we can write 

(1.3.6) Nl = J{No),N2 = J\No),....,Nk-i = J'^'^iNo) 
and we obtain the following direct decomposition: 

(1.3.7) TuT'^M = No,u e iVi,„ 8 ... 8 Nk-i,u ® Vk,u , Vu e T'^M. 

An adapted basis to the distributions A^o, -^1, A^fc-i, Vk at a point u G 
T^M is given by: 

(1.3.8) 

where 



Therefore, using (1.2.4) and (1.3.4) we get: 

= ^ - Aff „ Aff - 



6x' dx' (i)ay(iW {k)dy^''^^' 



^ -Nl^ Ni 



(1.3.9) 



9 ,rl 9 



Sy(k-l)i ^y{k-l)^ Qy(k)j ' 

5 _ d 

With respect to (1.1.2) we have: 

Taking into account the direct sum (1.3.1) and (1.3.7), it follows that the 
vertical distribution Vi at a point u gives rise to the direct decomposition: 

(1.3.11) = Ari,„ e ... e ATfc-i.u e Vfc,„ . ^ugT'^M. 
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Let h,vi,...,Vk be the projectors determined by (1.3.7): 

h + Vi-\ + Vk = I,h'^ = h, VaVa = Va, flVa = Vah = 0, (a = 1, k), 

VaVfj = VfjVa =0, {a ^ P; a, /S = 1, k). 
If we denote 

(1.3.12) X" = hX, X^" = VaX, \/X e X{T''M) 
we have, uniquely, 

(1.3.13) X = X" +X^' + ...+X^>'. 
In the adapted basis (1.3.8) we can write: 

X" = XW'/-, = XW'-I^, (q = 1, k). 

The following properties are important in applications. 

1) The distribution N = Nq is integrable if, and only if 

[X",Y"]V^ =0,{a=l,...,k). 

2) The distribution Na is integrable, if and only if: 

IXy^^Y^'-f = 0, =0, ,a,P = l,...,k). 

d 

The notion of h- or lift of a vector fields X = X{M), X = X'(a;)^-^ is 
obvious. We have: 

(1.3.14) l^(X)=X\x)-^, l,^(X) = X\x)-^,{a = l,...,k). 

1.4 The Dual Coefficients of a Nonlinear Con- 
nection 

Consider a nonlinear connection A'', having the coefficients {N^, ...,N^). The 

(1) (fe) 

s s s 

adapted basis ( — -, — r— -, — ttt-) to the direct decomposition (1.3.7) is ex- 
pressed in the formulae (1.3.9). Its dual basis, denoted by 

(1.4.1) fe\<5t/(i)\...,5t/«', 

can be uniquely written in the form: 
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5x^ = dx^, 
(1.4.2) (1) 



where 



(1.4.3) 



JyWi = rfyW' + M^dy^^-'^^i + ... + Mj + Mjdx^ , 

(1) (fe-i) (fe) 



Mj = AH, Mj = AT] + A^™M4, 

(1) (1) (2) (2) (1) (1) 



M] = N]+ N^' Ml^ + .... + iV™ Ai;^ . 
(k) (k) (fc-i) (1) (1) (fe-i) 



The system of functions (Mj, Mj) is called the system of dual coefficients 

(1) (k) 

of the nonlinear connection A''. They are determined entirely by means of the 
coefficients (iVj, ATj, ). 

(1) (fc) 

Conversely, if the dual coefficients are given, then the coefficients 
(A'j, ...,Nj,) are expressed by: 
(1) (fc) 

A^j = Mj, A^j = Mj - M^ATj", 

(1) (1) (2) (2) (1) (1) 

(1.4.3') 

ATj = Mj - Np - .... - Np. 

(fe) (fc) (1) (fe-i) (fc-i) (1) 

It follows, without difficulties, that with respect to (1.1.2) we have: 

(1.4.3") 5x' = ^Sxi, Sy^^^' = ^Sy^"^^ , {a = l,...,k). 

Also, with respect to (1.1-2) the dual coefficients are transformed by the 
rule: 
(1.4.4) 

Mm _ Tf. dx"^ dyW' 

^ ax™ dx^ dxi ' 



Mm^ = M^^^Mi ^y^, .^^dyO^ dy^ 
dx^ ^^^dx^ dx^ ^'"^ dx^ ^ dx^ ■ 

The relations between the natural basis on the manifold T'^M and the 
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adapted basis are immediately: 



+ M/ — ^ + • • • + M 



(1.4.5) dyWi 5yWi 5yi^)i ' \kA)Sy(>')r 

Similarly, we have: 

dx'' = 

(1.4.5') (ij 

^y{k)i ^ ^y{k)i _ NiSyik-i)3 ivj - TVjfe^'. 

(1) (fe-l) (fe) 

As an application we can prove: 

1 k 

Theorem 1.4.1 1) The Liouville vector fields T, T can he expressed in the 
adapted basis (1.3.8) in the form 



(1.4.6) 



where 



(1.4.7) 



§y{k)i 



f=^(i)i_i_ + 2^(2)i S 



gy(k-\)i SyC^)^' 



(1) 

= A;2/('=)^ + (A; - 1)M;,j/('=-i)'" + • • • + t/^i)*^ 
(1) (fe-i) 



2) With respect to (1.1.2) we have: 

(1.4.7') = 1^^^"'^ (a = 1, k). 

We note that the formulas (1.4.7') express the geometrical meaning of each 
entry z^^^^, ...,z^''^^. So, we call them the Liouville distinguished vector fields 
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(shortly, d-vector fields ). These vectors are important in the geometry of higher 
order Lagrangians. 

A field of 1-form u) G X* {T^M) can be uniquely written as 

(1.4.8) u: = oj" + u/^ 
where 

(1.4.8') U)^ = LO o h, UJ^" = LU o Va, (a = 1, fc). 

In the adapted cobasis (1.4.1) we get: 
(1.4.8") to" = uj'l°^Sx\ LO^" = uj'l"^Sy^''^\ {a = 1, fc). 

For any function / e J^{T^M)^ the 1-form df has the components: 

df = {df)" + {dfY^ + --- + {dff''. 

Using (1.4.8") we obtain: 
(1.4.8"') (d/)^ = ^fe^ (d/)^. = _^<52/(")^ («=l,...,fc). 

Let 7 : / ^ T'^M be a parametrized curve, locally expressed by 

(1.4.9) = x\t), = y(«)'(t), t e /, (a = 1, k). 
The tangent vector field can be expressed as: 

dt \dt) \dt) 
dx' 6 Jv'^)* 6 Sy'-^^' 5 



dt 5x' dt 5yWi dt SyV')^' 

where, by means of (1.4.2) one can write: 

SyWi dy^^^' , dx^ 

— = — \-M- , 

dt dt dt ' ' 

(1.4.10) 

— = ^ + M'.^ + • • • + M* — . 

dt dt ,J dt ,J dt 

(1) (fe) 

dj^ 



A parametrized curve 7 is called horizontal if j = 0, (a = 1, .., k). It 
is characterized by the system of differential equations: 

1.4.11) = ... = =0. 

^ ' dt dt 
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A parametrized curve c : / — > M on the base manifold M, analytically given 
by = x^{t), t G I, has its extension c : I T^'M, given by: 

X x[t),y ^^,...,y . 

A horizontal curve c is called an autoparallel curve of the nonlinear connection 
N. 

Theorem 1.4.2 The autoparallel curves of the nonlinear connection N are 

characterized by the system of differential equations 

Mi - ^ ... Mi _ 
(1.4.12) "'^ "'^ 

1.5 The Determination of a Nonlinear Connec- 
tion 

A nonlinear connection N on the manifold of accelerations of order A;, T^M can 
be determined by a fc-semispray 5 or a Riemannian structure g{x) defined on 
the base manifold, or by a Finslerian or Lagrangian structure over the manifold 
M. 

A first result is as follows: 

Theorem 1.5.1 (R. Miron and Gh. Atanasiu,[94]) If a k-semispray S, with 
the coefficients G^{x,y^^\ ...,y^''^) is given on T'^M, then the set of functions: 

(1.5.1) 

Mj = i [ 5 m; +m4m™ ) 
(fe) V (fc-i) (1) (fe-i)/ 

is the set of dual coefficients of a nonlinear connection N determined only by 
the k-semispray S. 

The proof can be find in the book [94] . 

Other result obtained by I. Bucataru ([26,27]) is given in: 

Theorem 1.5.2 If S is a k-semispray with the coefficients G% then the follow- 
ing set of functions 

(1 5 2) M" - ^'^^ M" - - 

^ ' 7) " %(^)^- ' " ayC^-iH ' - dyi-)o 

define the dual coefficients of a nonlinear connection N* determined only by the 
k-semispray S. 
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The problem is to determine a nonlinear connection A'' on T'^M from a 
Riemannian structure gij{x), given on the base manifold M. 

Let us consider 7jfe(a;) the Christoffel symbols of the tensor gij{x). Then, 
we obtain, ([94]), without difficulties: 

Theorem 1.5.3 The following set of functions 

Mj(a;,2/W)=7]„^(a:)2/«'", 
(1) 

(1.5.3) Mi(x,t/W,y(2)) = I (tm; + M:^mA , 

^ ^ (2) ^ V (1) (1) (1) / 

Mj(a;,j/W,...,2/W) = M T M] +M4Mf ) , 
(fe) V (fc-i) (1) (fc-i)/ 

where T is the operator (1.2.3), has the properties: 

1° It defines the dual coefficients of a nonlinear connection N on T^M , 
determined only by the Riemannian structure gij{x). 

S° M^{x,y^^^) depend linearly on y^^^\ M^{x,y^^\ ...,y^''^) depend lin- 
(1) (fe) 
early on y^''^^. 

In the same manner we can determine a nonlinear connection on T'^M by 
means of a Finsler space. Namely, we can prove: 

Theorem 1.5.4 Let Nj{x, y^^^) be the Cartan nonlinear connection of a Finsler 
space = {M,F{x,y^^^)). Then, the following set of functions 

Mj(a;,yW) = Arj(a;,yW), 
(1) 

^ ' (2) 2 \^ ) 



Mj(a;,yW,...,t/«) = ^ ( T Mj + Ml^M. 







(k) V (fe-1) (1) 

has the properties: 

1° It defines the dual coefficients of a nonlinear connection N on T'^M, 

determined only by the fundamental function F{x,y^^'>) of the Finsler space _F". 
2° Mj depend linearly on J/^^-**, Mj depend linearly on j/^'^^*. F being the 

(2) (fe) 

operator (1.2.3). 
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Remark 1.5.1 Theorem„s 1.5.3 and 1.5.4 prove the existence of the nonlinear 
connections on T^M in the case when the base manifold is paracompact. 

Let us consider the adapted basis (1.3.8) and adapted cobasis (1.4.1) corre- 
sponding to the nonlinear connection with the dual coefficients (1.5.3). 
Let X'^{x) be a vector field on the manifold M. We obtain 

(1.5.5) 

(a = l,...,n), VX = X^(x)^. 
Of course IhX, Iv^^X are h- and respectively fa-lifts of the vector field X = 

Theorem 1.5.5 If gij{x) is a Riemannian structure on the base manifold M 
and N is a nonlinear connection with the dual coefficients (1.5.3) determined 

by gij{x), then 

(1.5.6) G = gij{x)dx' (g) dx^ + gij{x)Sy^^^' ® Sy'-^^^ + ■■■+ gij{x)5y^^'^^ ® 5y^^'^^ 

is a Riemannian structure on T^M induced only by gij {x) . 

The proof is not difficult. The Riemannian structure (1.5.6) is the prolonga- 
tion to T'^M of the Riemannian structure gij{x), [94]. 

Using the same nonlinear connection N with the dual coefficients (1.5.3) we 
can consider the .F(T'^M)-linear mapping 



(1.5.7) 
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One proves: 

1° F is globally defined on the manifold T'^M. 
2° F is a tensor field of type (1,1): 



(1.5.8) ^=-5^^^'^'^' + ^^^y''''■ 

3° Ker F = A^i 8 • • • 8 iVfc-i, Im¥ = No® Vfe. 
4° rank F = 2n. 
5° F^ + F = 0. 

6° F is determined only by gij{x). 
Concluding we have: 

Theorem 1.5.6 A Riemannian structure gij{x) given on the base manifold de- 
termine an almost {k — l)n-contact structure F on T^M depending only on 
gij{x). 



Let ^a, --, ia ) , (a = 1, ...,n) be a local basis adapted to the direct 

/(I) 

decomposition Ni® ■ ■ ■ ® Nk^i and I 77", 77° J , (a = 1, n) its dual. 
In the book [94] is proved the result: 

/ (1) 
Theorem 1.5.7 The set \ G,¥, ^a, , is a Riemannian al- 

V (1) (fc-i) / 

most {k — l)n-contact structure on the manijold T^M determined only by the 
Riemannian structure gij{x) defined on the base manifold M. 

A similar theory we can study for a Finsler space F" = (M, F(x, j/^^^)) 
using the nonlinear connection (1.5.4) defined only by the fundamental function 

F(a;,?y(i)). 

Also, we can investigate the problem of determination of a nonlinear con- 
nection on T'^M by means of a Riemannian structure G given on the manifold 
T^M. 

One shows that: A Riemann structure G on T'^M determine a Riemannian 
almost {k — l)n-contact structure depending only on G (K. Matsumoto and R. 
Miron, [111]). 



1.6 c?- Tensor Fields. A/^-Linear Connections 

Let A/' be a nonlinear connection on the manifold T^M . Then, the direct de- 
composition (1.3.7) holds. With respect to (1.3.7) a vector field X on T'^M and 
a 1-form u on T'^M can be uniquely written in the form (1.3.13) and (1.4.8), 
respectively. 
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A distinguished tensor field (shortly d-tensor) T on T'^M of type (r, s) is a 
tensor field T with the property 

X x) = T (L'K xf , xA 
(1) y (1) (s) y 

for any 1-forms u>,..., ui from Af*(T'^M) and any vector fields X,...,X from 
A'(T'=M). 

In the adapted cobasis (1.3.8) and its dual basis (1-4.1) a rf-tensor field T 
has the components: 

'pH...irC„ ,.(1) y{k)\ ^rp ( <r ii ^^Wv ^ ^ ] 

^3i-3sy^^y '-^y > ^ yox ,...,oy ' sxj^''"' sy('')jsj ■ 

Using the formulas (1.3.10) and (1.4.3" )we deduce: 

A transformation of coordinates (1.2) on T'^M implies a transformation of 
the components of the d-tensor field T by the classical rule 

y ■ ■ > h-js g^hi g^hr Q^n dxi^ ' 

But. this fact is possible only for the components of a d-tensor in the adapted 

. f d d d \ 

basis. The components of T in the natural basis — — r, , . . , • • • , , and 



natural cobasis {dx"^, dy^^^^, dy^^^^) have very complicated rule of transforma- 
tions with respect to the changing of local coordinates (1-1.2) on the manifold 
T^M. 

If X e A'(T'=M), its projections X" , X"^\ X^^ are d -vector fields and 
them components X^*, X^"'*, (a = 1, k) are called also (i-vector fields. 

As an example, we have that z^^^^ ^ z^^^^ from (1.4.6), are rf-vector fields. 
They are called the Liouville d- vector fields. 

For a 1-form w, w^, from (1.4.8) are d-l-forms and them components 
a;*^^^*, cj*^"^* from (1.4.8") arc d-covcctor fields. 

Of course, the set of d- tensor fields with respect to ordinary operation of 
addition and tensor product determines a tensor algebra on the ring of functions 

An A^-linear connection on the total space of fc-accelerations bundle T^M is 
a linear connection D on T^M with the properties: 

(1) D preserves by parallelism the? horizontal distribution iV; 

(2) The A;-tangent structure J is absolutely parallel with respect to D. 
As a consequence of this definition, the following theorems hold, [94]: 

Theorem 1.6.1 A linear connection D on the manifold T'^M is a N-linear 
connection if and only if the following properties hold: 

{DxY^^f'=0, (a^/3,a,/3 = l,...,/e). 
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(1.6.2') Dx{JY") = JDxY" ,Dx{JY''-) = JOxY""" ,{a = 1, ...,k), 
for any X,Y £ X{T''M). 

If X e X{T^M) is written in the form (1.3.13), for any Y e X{T^M) and 
D an A'^-linear connection, we have: 

(1.6.3) DxY = DxhY + Dxv,Y + ■■■+ D^v.Y. 

Let us denote: 

D^ = DxH,Dl- =Dxn,....,D^^ =Dxv,. 
Consequently, we can write: 

(1.6.3') DxY = D^Y + D^^Y + ■ ■ ■ + D'^^Y. 

The operators D^, D^ are not covariant derivations in the d-tensor 

algebra, since D^f = f ^ Xf. 

But they have similar properties with the covariant derivative. 
So, if T is a tensor field of type (r, s) we have: 



(D^T) ( ^\ X. X] = X"T %\ X, X 



(1.6.4) 

\ (1) (s)/ V (1) w, 

V (1) \^ ' ' ^ '(!)' '(,) 

, ^u), D^X x] - ... - T %\ X Dfx) , 

(1) («)/ V (1) («)/ 



K^r)^ff,...,S.x..x).x-r(aV..S,x„^.x 
-r(z,-<i'„^.S',x....x)...^.r(ffl.^,.,z,-S,x,.^.,xj- 

- a; , u , D^£X X - ... - T U; , w , ^ D^- X 

\ (1) (s)/ V (1) (s) 

For instance, the formula (1.6.4) for a 1-form a; e Af*(T*'M) leads to the 
following expressions of D^uj and D^w. 

{D^u){Y)=X"u;{Y)-u;{D^Y), 

(1.6.5) 

(£>^'«w)(y) = X^^co{Y) - ij{Dl"Y), {a = 1, k). 
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In the adapted basis (1.3.13) an A'^-linear connection D can be uniquely 
represented in the form, [94]: 
(1.6.6) 

s s s s 

The system of functions (i™, C™, C™) represents the coefficients of D. 

(1) (fc) 

With respect to (1.1.2), are transformed by the same rule as the coeffi- 
cients of a linear connection defined on the base manifold M. Others coefficients 
C™, a = 1, .., k are transformed like d -tensors of type (1, 2). 

(a) 

If T is a d- tensor field of type (r, s), represented in adapted basis in the form 
(1.6.7) T = t;1:Z^ ® . . . ® ^ ® dx^^ ® . . . ® SyC'^^' 



and X = = X^{x,y'^^\...,y^''^)-^, then the /i-covariant derivative D^T, 
by means of (1.6.6), is as follows 

(1.6.8) D^T = X^Tf (g) • • • (g) -4^ ® dx^' <g)---(g) 

where 

(1-6-9) t;^::;:,™ = + i^^Jn'X^ + ■■■- lI^;::::;;. 

The operator "|'' will be called the h-covariant derivative, with the same 
denomination as . 

{^) ^ 

Consider the w„-covariant derivatives , for X =X^ 



{a = 1, k). Then, using (1.6.6) and (1.6.7) we have: 

(1.6.8') D^-T =i- T;i:::i: ^ ® • • • ® ^ ® d^'' ® • • • ® ^y^'^''^ 

where 

(1.6.9') T-:- ^ I L= + c^itv.X + • • • - ^Jsmr;i:::i;, (« = i, k). 

' (cc) (a) 

(a) 

The operators " | " , in number of k are called Va-covariant derivatives, with 
the same denominations as . Each of them has similar properties to those 
of h -covariant derivative. For instance 
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ifT::::) I m= th^t;:: + fT- , 



1 2 \ (") 1 (a) 2 1 2 (") 

T- <E>T-] I ^=T- I ^ (^r-+T- §$T- I ^ 



(«) ^ _ 

The operators | and | commute with the operation of contraction, etc. 

These operators apphed to the Liouville d-vector fields z'^^^^, z*^*^'* deter- 
mine 'the deflection tensors' of D: 



(") , , (/5a) (a) 

(1.6.10) -0}=^ ft; 4=z^f>')' I .. 

1.7 Torsion and Curvature 

The tensor of torsion T of an A'^-hnear connection D: 

(1.7.1) T{X,Y) = DxY - DyX -[X,Y], yX,Y € X{T''M), 

for X = + X^i + • • • + y = + + • • • + uniquely determines 
the following vector fields: 

(1.7.2) T{X",Y"),T{X", y^"), T(X^° ,Y^^), (a, }3 = 1, fc). 
Therefore: 

The tensor of torsion T of the iV-linear connection D is well determined by 
the following components, which are d-tensor flelds of type (1,2): 

T{X", Y") = hr{X", Y") + X: VaT{X", Y"), 

a=l 

k 

(1.7.3) T{X" ^Y'^f') = hT{X" ,Y^f>) + J2 VaT{X" ,Y^f'), 

k 

T{X^'',Y^f>) = X; VjT{X^'',Y^f'). 

7=1 

It is not difficult to prove that hT{X^^,Y^f<) = 0, Va,/3 = 1, k. The 
expressions of rf-tensors of torsion are the following: 
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(1.7.4) 



( hT{X",Y^>^) = -VYV,X" -[X",YV^]", 

vaT{x",Y''^) = (vf y^")""" - [x«,y^'']^«, 
t;^T(x^",y^^) = (y^-Y^fi - Vyv.x^^ - [x^°,y^^]) . 

In the adapted basis we set: 



(Oa)^ 



(1.7.5) 



Kf 



Ah 



hT 



5 

Tl 



Using (1.7.4) and (1.6.6) as well as the following expressions of the Lie brack- 
ets, we can calculate the components of d-tensors of torsion. 

The Lie brackets of the vector fields of the adapted basis are given by: 



5 5 
6x^ ' 6x^ 



= i?!;.-r^TT7 H h R)h 



(01) 



(ofe) °y 



(1.7.6) 



5xi ' (5y(")'' 
5 5 



(al) 



(a/3) ^ 



3^ § (k)i ■ 



(k) 
a 

(a>) 



3h ^y(k)i' 



where the coefficients R, B, C can be calculated by means of the coefficients of 

the nonlinear connection TV, [94]. 

We remark the following d- tensor of torsion 



(1.7.7) Tik = L)k-lAj, '^k=C}k-Cij (a = l,...,fc). 

(00) {aa) (a) (a) 



24 



THE GEOMETRY OF HIGHER-ORDER HAMILTON SPACES 



For simplicity we denote 

a 

afr rpi rpi rpi Qi 

.1.1) Iji^—lj)., Ij).— Dj).. 

(00) (0) (aa) (a) 

The notion of curvature can be investigated by the same method. 
The curvature tensor M of the A''-Unear connection D is given by 

(1.7.8) R{X,Y)Z = {DxDy-DyDx)Z-D^x,y]Z, yX,Y, Z e X{T''M). 
Using the formula (1.6.2) we obtain 

(1.7.9) J {R{X, Y)Z) = IR(X, Y)JZ, . . . , j'= (]R(X, Y)Z) = M(X, Y)J^Z. 
Setting Z^" = J°'Z" we have 

:, y)Z^" = J" (R(X, Y)Z") , {a = l, k). 



The essential components of the curvature tensor field M are M(X, Y)Z^ . It 
has the properties: 

V0 {R{X, Y)Z") =0, h (M(X, Y)Z^i') = 0, 

^;;3(R(X,y)Z^") =0, (a^^,a,^ = l,...,fc). 

Thus, the curvature tensor M of the A'^- linear connection D gives rise to the 
rf-vector fields: 

fc 



7=1 

fc 

' , Y^)Z^ = [DX^ , DyjZ^ — D^Va ^yHjZ^ — D^^Y^yH-^Z^ , 



7=1 

(1.7.10) ^^^^^ \Yy»)Z" = [D^^^,D^'']Z"-tD^;^v,^yy„^Z", 

{a,p = l,...,k; p<l). 

The d-tensor fields (1.7.10) are obtained applying the operators J, J^, 
J'' and taking into account J'^Z" = Z^i , (7 = 1, A;). 

In the applications it is suitable to consider the equalities (1.7.10) as Ricci 

identities, [94]. 

The local expressions of rf-tensors of curvature in adapted basis are: 
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Note that the other rf-tcnsors of curvature (1.7.10) have the same compo- 
nents. The d-tensors (1.7.11) are called also d-tensors of curvature. They have 
the expressions: 

(1.7.12) Rl j„ = — — ^ - --^ + Ll-Up^ - Ll^Upj + ^ ClpBFj^, 
°^ °^ 7=1 (7) (Ot) 





(a) 










(a) 






5y{oc)3 



k 

y I y (a) (a) (7) [a-y) 



■L^^ J™ ^ A„(/9)m A„(«)j ^ '^hj^prn ^hm^PO ^ ^'P 

(a) (/3) (/3) (a) 7=1 (7) (a/3) 

The connection 1-forms of the A'^-linear connection D given in ch. 7, §7 of 

the book [94] are: 

(1.7.13) u;^ = L^^dx"^ + q^5y(i)'' + • • • + C]^5y^''^^ . 

(1) (fc) 

Therefore, the structure equations of D are given by the following theorem, 
[94]: 

Theorem 1.7.1 The structure equations of an N -linear connection D on the 
manifold T'^M are given by: 

(0) 

d{dx^) - dx"^ ALo'^ = -n\ 

(1.7.14) ^ ^. ^ ^ («) 

d(6y^°'^') - (Jy^")™ A = - , 

dw'^-uj^^Aoj\ = -n'^ , 

(0) («) 

where the 2- forms of torsion fl\ f2* are 
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(1.7.15) 



= -T^hdx^ A dx'' + C]f,dx' A 6y^^^^ + 

^ (0) (1) 

(fe) 



(a) -, k 

= -R]hdx^ Adx^ + ^ B]^dx^ A 5y^''^"'+ 



(Oa) 



7=1 (7a) 



T=l (a-r) 



'^=1 (7) 



and where the 2- forms of curvature fi* ■ are: 



(1.7.16) 



a=l (ay (a/3y '"^ 



The Bianchi identities of D can be derived from (1.7.14) applying the op- 

(0) (a) 

erator of exterior differentiation and calculating d f2% d 0\ dfl*^- from (1.7.15) 
and (1.7.16) modulo the system (1.7.14). 



Chapter 2 

Lagrange Spaces of Higher 
Order 



We define the notion of liiglier order Lagrangian and tiie notion of integral of 
action. We investigate the variational problem for autonomous Lagrangians de- 
riving the Euler-Lagrange equations. The notion of Lagrange space of order 
k is introduced by means of regular nondegenerate Lagrangian defined on the 
total space of the fc-accelerations bundle T'^M. In this case the Craig-Synge 
equations determine a fc-semispray, which depend only on the considered La- 
grangian. Therefore the geometry of the 

Lagrange space of order k is based on the mentioned fc-semispray, [94]. 



2.1 Lagrangians of Order k 

Let us consider the fc-accelerations bundle (T'^M, tt*^, M). In Analytical Me- 
chanics M is the space of configurations of a physical system. A point x = 
(x*) e C M is called a configuration, a mapping c : t G I ^ {x^{t)) £ U is 
a law of moving (evolution), t is called time, a couple {t,x) is an event and 

~dt^ 2! dt'^ ' ' kl dt'' } velocity and generalized accelerations of 

order 1, 2,..., fc — 1 (respectively). The factors — l,...,k) are introduced 

for convenience. 

Throughout this book wo omit the word generalized and say shortly, acccler- 
1 d'^x^ 

ations of order h for — , , , h = 1, k. A law a moving c : t € I ^ (x^it)) € U 

h\ dt^ ^ ^ " 

C M will be called a curve parametrized by time t. As usual the curve 

Z:t£l ^Z{t)e (7r'=)-i(f/) C T^M, 
(2.1.1) c:tel^ (x'it). 



dt ' 2! df^ ' ' A;! dt'' 
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is the extension of the curve c to the total space T'^M of the k -acceleration 
bundle. 

Definition 2.1.1 A Lagrangian of order k, (k G N*^ is a mapping L : T'^M — >• 
R. 

This means that i is a real function L{x, y^^\ y^'^^) on T^M. In the other 
words, with respect to a change of local coordinates on T'^M (1.1.2), we have 

(2.1.2) L{x, y^'\..., y^^^) = L{x, y^'\ 2/^). 

The previous definition is given for autonomous Lagrangians. A similar 

definition wc have for nonautonom,ous Lagrangians. They are mappings L : 
(t,x,2/(^),...,y('=)) e RxT'^M L(t, x, y^^), yW) G R, which are real func- 
tions with respect to a change of coordinates on RxT'^M , {t, x, y^^\ y^''^) — )• 
{t, X, y^*^'), where t = t. 

For us it is preferable to study the autonomous Lagrangians, because the 
notion of Lagrange space of order fc is a geometrical one. But, one sees that the 
nonautonomous Lagrangians can be geometrized by means of the notion of 

rheonomic Lagrange space of order k. Such kind of geometry can by con- 
structed by the same methods as in the autonomous case. 

In the following we investigate the Lagrangians L{x, y^^\..., y^''^) which have 
the property (2.1.2). 

A Lagrangian of order k, L : T'^M — )• R is called differentiable if it is of 

C°°-class on T'^M and continuous on the null section of the projection tt'^ : 
T'^M -i> M. 

The Hessian of a differentiable Lagrangian L, with respect to the variables 
y{k)i yfcj^f jg ^he matrix \\gij\\, where 

^ ~ 2 at/W'%Wj' ■ 

One can prove, [94] that gij is a d-tensor field, on the manifold T'^M. This 
is covariant of order 2 and symmetric. 

This property determines the geometrical covariance of the Hessian of L. 
If 

(2.1.4) rank \\gij\\ = n, on T^M 

we say that L{x,y^^\ ...,y^^^) is a regular (or nondegenerate) Lagrangian. 

The existence of the regular Lagrangians of order k is assured by the following 
example. 

Let ^ij{x) a Riemannian tensor field on the base manifold M and z'^'^^^ the 

Liouville vector field on T^M determined by the prolongation of order k of the 
Riemannian spaces 7?." = {M,jij{x)), an arbitrary covector field 6j on T^~^M 
and a function b on T'^~^M. Then the Lagrangian of order k 

L(a;,2/«,. ..,?/«) = 7.i(^)2^'=^^2^'=^^' + ^.(a:, 2/^'^"'^)^^'^^^+ 
^ ^ + 6(x,y«,...,y('=-i)) 
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is a regular Lagrangian on T^M. We have gij{x,y^^\ ...,y^''^) = Jij{x). 
Let us consider the scalar fields 

(2.1.6) l\L) = CiL,...,l\L)=C,L, 

r r 

where F, F are the Liouville vector fields on T M and £ is the Lie operator of 
derivation. I^{L), l'^{L) will be called the main invariants of the Lagrangian 
L. 

For a smooth parametrized curve c : [0, 1] — > M represented in a domain of 
a local chart by = x^{t), t e [0,1]. The parameter t is called time and its 

extension to T^M is c, given by (2.1.1). 

The integral of action for the differentiable Lagrangian L{x,y'^^\ ...,y'^^'>) 
along curve c is defined by 

1 



Ones proves, [94] the following important results: 

Theorem 2.1.1 The necessary conditions for the integral of action he indepen- 
dent on the parametrization of the curve c are 

(2.1.8) I^{L) = ■■■= l''-'^{L) = 0, l''{L) = L. 

The conditions (2.1.8) are called the Zermello conditions, [69, 94]. 

Theorem 2.1.2 If the differentiable Lagrangian L of order k, k > 1, satisfies 
the Zermello conditions (2.1.8), then it is degenerate (singular), i.e. 

(2.1.9) rank\\gij{x,y^^\...,y^''^)\\<n, onT^. 



2.2 Variational Problem 

The variational problem concerning the functional /(c) from (2.1.7) was studied 
in the book [94], ch. 8. So we shall present here only the corresponding results. 

Theorem 2.2.1 In order for the curve c : t e [0, 1] ^ {^''{t)) € U C M to be 
an extremal curve for the integral of action I{c) it is necessary that the following 
Euler-Lagrange equations hold: 



(2.2.1) 



dL _ d dL 1 d'' dL 

dxi ~ di dyC^)' +••• + (- ) gy{k)i 



^ dt' kldtk- 
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(2.2.2) (L)— =Ej (L). 



An important remark regard the geometrical meaning of the system of func- 

o 

tions Ei [L). The following property holds: 

o 

Every Ei (L) from (2.2.1) determines a d-covector field along curve c. 
This means that, with respect to a change of local coordinates on the man- 
ifold T'^M, Ei {L) obeys the transformation 

Let c : f e [0, 1] — > (^*(*)) ^ ^ C M be a smooth curve (or a law of moving) 
parametrized by the time t and V^{x{t)) a differentiable vector field on c. 
The mapping By : {x{t)) eU ^ Sy{x{t)) e T*=M, defined by 

r x' = x'{t), ie[0,l], 

I v^^'>' = VHx(t)) 2w(2)» = l^ fc«('=)' = - 

[ ^ ^ y 1! dt '-'^ (fc-1)! ' 

is a section of the projection tt*^ : T'^M — >■ M. 
It is not difficult to see that the operator 

(2.2.4) ± = v^± + !^^ + .. 1^'^^ ^ 



is invariant with respect to the coordinate transformations (1.1.2). 

If y* = then ^ = and for any Lagrangian i(x,w(^\ ...,y('^)), ^^"^ 
ctt at at at 

is a scalar field. 

The action of the A;-tangent structure J (cf. §2.4, ch. 1) on the operator 
leads to k new operators: 

(2.2.5) 7^ = J , 4"^ = J (7^) , 7^ = J (7^) , = J (7^) , 

where 



But the previous operators are vector fields. Consequently, Iv{L), 7y(L) 
scalar 
I'^iL). 
The rc 

Theorem 2.2.2 The following identities hold: 



dx 

are scalar fields. For = they coincide with the main invariants I^{L), 
The relations between the operators 7y,..., ly are expressed cf.[94] by: 



(2.2.6) (it Jt ^-di 



kldt''' 
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Besides of the covcctor field Ei {L), Craig and Synge introduced other cov- 
ectors, important in the variational problem of the integral of action. They are 

1 k 

denoted by Ei,..,Ei and are provided by: 
Lemma 2.2.1 

For any differentiable Lagrangian L{x,y^^\ ...,y^''^) and any differentiable 
function ^{t) we have: 

(2.2.7) E, = ^EiiL) + — Ei{L) + --. + ^Ei (L), 

1 k 

where Ei {L), Ei (L) are d-covector fields. They are expressed by the actions 
on L of the following operators: 



dx^ dtdyW^ ' V / k\ dt'' dyC")' ' 

1 k 1 fjk-1 Q 



,fi ' a! ^"-^^ dt''-^ 
(2.2.8) 

2 k I f^k-2 Q 



k 1 8 



In the light of the above results we get: 

Theorem 2.2.3 For any differentiable Lagrangians L{x, y^^\ ...,y^''^) and any 
function F{x,y^^\ ...,y^''~^^) the following properties hold: 

dF 

(2.2.9) Ei{L+—)=Ei{L), 



dF I dF k dF k-i 

(2.2.10) Ei (^) = 0, Ei (— ) = -Ei (F), Ei {—) = - E i (F). 

A consequence of the property (2.2.9) is as follows. 
Theorem 2.2.4 The integral of action 



1 1 
(2.2.11) /(c) = J Ldt, I'{c) = J (^L 



dF 
Itt 



dt 



determine the same Euler- Lagrange equations, (F depending on 



32 



THE GEOMETRY OF HIGHER-ORDER HAMILTON SPACES 



2.3 Higher Order Energies 

In the book [94] we introduce the notion of higher order energies of a Lagrangian 
L(x,y«,...,t/W). 

Definition 2.3.1 We call energies of order k, k—1, 1 of the differentiable 
Lagrangian L{x,y^^\ ...,y^''^) the following invariants: 

£'(i) = (-i)"-'^''m. 

As wc shall SCO, the energies £^{L), 5^ (L) are involved in a Nother theory 
of symmetries of the higher order Lagrangians. 
The next theorem is well known: 

Theorem 2.3.1 For any differentiable Lagrangian L{x, y^^\ y^''^) the follow- 
ing identity holds 

(2.3.2) ^ = -liL)'-f. 

^ ^ dt ^ ' dt 

An immediate consequence of the previous theorem is the following law of 

conservation: 

Theorem 2.3.2 For any differentiable Lagrangian L{x,y^^\ ...,y^''^) the energy 
of order k, £''{L) is conserved along every extremal curve of the Euler-Lagrange 



equations Ei {L) = 0. 

Theorem 2.2.4 says that the integrals of actions /(c) and /'(c) from (2.2.11) 
determine the same Euler-Lagrange equations, if /^ is a Lagrangian with the 
dF 

property = 0. 

Definition 2.3.2 A symmetry of a differentiable Lagrangian L{x,y^'^\ ...,y'^'^^) 
is a C°° -diffeomorphism : M x R ^ Af x R which preserves the variational 
principle of the integral of action I{c) from (2.1.7). 

One can consider the notion of local symmetry of the Lagrangian L, taking 
Lp as local diffeomorphism. If C/ x (a, h) is a domain of a local chart on the 
manifold M x R, then we can express an infinitesimal diffeomorphism ip in the 
form 

x'^ = x^ +£V\x,t), {i = l,...,n) 

(2.3.3) 

t' = t + eT{x,t), 
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where (V^jt) is a vector field on U x {a,b) defined along curve 

c: t £ [0, 1] — >■ {x^{t),t) G U X {a,b) and £ is a real number, sufficiently small in 

absolute value, so that Im (p C U x {a,b) . 

The infinitesimal transformation (1.3.3) is a symmetry for the differentiable 
Lagrangian L if and only if for any differentiable function 
F{x,y^^\ ...,y^'^~^^) the following equation holds: 

r f , dx' 1 d''x'\ , , ( r dx 1 d''x\ 

/ dx 1 d''~^x 

One proves the following Nother theorem, [94]: 

Theorem 2.3.3 For any infinitesimal symmetry (1.3.3) of a Lagrangian 
L{x,y^^\ ...,y^^^) and for any function <^{x,y^^\ ...,y'^''~^^), the function: 

1 d 1 d''~^ 

THL,^) = 7^(L)---7-^(L) + ... + (-lf--^7^(X)- 

- rSHL) + '^/'-\L) + ■■■ + i-lf^£\L) - $. 

is conserved along extremal curves of the Euler-Lagrange equations 
Ei {L) = 0. 

In particular, if the Zermello conditions (2.1.8) are satisfied, then the energies 
f ^(L), £^{L) vanish and the previous theorem has a simpler form. 




2.4 Jacobi-Ostrogradski Momenta 

We introduce the Jacobi-Ostrogradski momenta and the Hamilton - Jacobi - 
Ostrogradski equations. The main results on these are given without proofs, 
[94]. 

Consider the energy of order k, £'^{L) of the Lagrangian L from (2.3.1). 
Noticing that £^{L) is a polynomial function of degree one in — — , ^ we 

Cit (it 

can write: 

(2.4.1) f fc(L) =p(,)._ +P(2)i^ + • • ■+Pik)^^ - L, 



where 



_ dL _1 d dL f^-wk-i^ 



2! dt dy(^)' ^ ^ k\ dt''-'^ ' 

/„ . „x I dL I d dL / 9 1 d'""^ dL 

(2-4.2) = _ +... + (_ 1)^-2 



2!a2/(2)i 3!dtay(3)* ^ ' k\ dt^-"^ dy'^^'i^ 



_ 1 dL 
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P(^i)i, P(k)i s-re called the Jacobi-Ostrogradski momenta. 

M. de Leon and others, [73, 74] established the following important result. 

Theorem 2.4.1 Along extremal curves of Euler- Lagrange equations, 

o 

Ei (L) = 0, the following Hamilton- Jacobi-Ostrogradski equations hold: 

dp{a)i dt" 

(2 4 3) dS''{L) ^ dp(i), 

dxi dt ' 

The Jacobi-Ostrogradski momenta P[k)i allow the introduction of 

the 1-forms: 

= P{i)idx' + p(2)ic;y(i)* + • • • + P{k)idy^^~^'>\ 

(2.4.4) p(2) = p(2)ida;' + p^s)idy^^^' + ■■■+ Pik)idy^''-^^\ 

P(k) = P{k)idx\ 
The following properties hold: 

J*P{i) =P{2), •-, J*P{k-l) =P{k)- 



2.5 Higher Order Lagrange Spaces 

The notion of Lagrange space of order fc is a natural extension of that of classical 
Lagrange space L" = {M, L{x,y)). It was introduced by the author of this 
monograph, in the papers quoted in his book [94]. It was introduced by the 
author in the paper quoted in his book The Geom,etry of Higher Order Lagrange 
Spaces. Applications to Mechanics and Physics, (Kluwcr, FTPH no. 82) entirely 
devoted to this subject. 

Here we give;, without prooofs, the main results from the geometry of higher 
order Lagrange spaces, [94]. 

We call a Lagrange space of order k a pair L^^)" = (M, L) formed by a 
real n-dimensional manifold M and a differentiable Lagrangian of order k, L : 
(x,y(^), ...,y('=)) e T^M L(x, yC^^) e R for which the Hessian with 

the entries 

,.,(.,yW,...,,W) = i^-^^^, cnf^, 
has the property 

rank \ \gij\ \ = n 
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and the quadratic form 4* = gijC^,'' on T'^M has constant signature. 

L is called the fundamental function and gij the fundamental (or metric) 
tensor field of the space 

The geometry of the pair {T'^M, L(x, y^^\ 2/^*^^)) is called the geometry of 
the space L^^) = (M,L). 

Notice that the geometry of Lagrange space of order k is not coincident with 
the gcomctrization of the Lagrangians of order k, L{x, y^^\ y^''^), which could 
be degenerate, i.e. rank \\gij\\ < n. 

We shall study this geometry using the methods suggested by the Higher 
Order Lagrangian Mechanics [35] and by the geometry of higher order Finslcr 
spaces [95] . Consequently, we determine a canonical semispray S and derive the 
main geometrical object field of the space iC^'" by means of S. 

Consider the integral of action of the Lagrangian L, the fundamental function 
of the Lagrange space of order k, L^'^)"- = (M, L) and determine the covector 

fields k{L),..., % (i), k [L). 



Then Ei {L) = are just the Euler-Lagrange equations. Thus, £ (L), 
£^{L) from (2.3.1) give us the energies of the space 

Lik)n_ Theorems 2.3.1 and 
2.3.2 can be applied and Theorem 2.3.3 gives the infinitesimal symmetries of 
the considered space. 

The following result is known, [94]: 

. . fe-1 

Theorem 2.5.1 The equations g^^ E i {L) = determine the k -semispray 
(..5,) S = + 2y'^>-^, + . . . + .,.'1^ - + DG-^A- 

with the coefficients 

r being the operator (1.2.3). 

The fc-semispray 5* depends on the fundamental function L of the space 
LC^)". It will be called canonical. If L is globally defined on T^M, then S has 

the same property on T'^M. 

Taking into account Theorem 1.5.1 we find, [94]: 

Theorem 2.5.2 The set of functions 

fjfi 1 / \ 

(1^ ayw^ (2)' 2 \^ J 

(2.5.3) 

(fe) V (1) (fe-1)/ 

are the dual coefficients of a nonlinear connection N determined only by the 
canonical semispray S. 
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N is called canonical, too. 

Theorem 1.5.2 give us new dual coefficients M", M", (I. Bucataru, [26]). 

(1) (fc) 

The coefficients iVj, A^} of N are obtained from (1.4.3'). 

(1) (fc) 

The existence of the spaces L^'')" = (M, L), when M is a paracompact 
manifold is assured by the following examples. 

Example 5.1 Let gij{x) be a Riemannian tensor on M and the nonlinear 
connection A'' with the dual coefficients Mj(x,y^^^), ...Mj{x,y^^\ ...y^''^) given 

(1) (k) 

by (1.5.3). Consider the Liouvillc d-vector field, z^'^'* (Th. 21.4.1): 

(2.5.4) fc^W' = ky'-''^' + {k- l)M4y('=-i)™ + ... + M'^ y^^)™ 

(1) (fe-i) 

and remark that z^''^^ is a d-vector field, linear in the vertical variables y^''^^. 
Consequence, the function 

(2.5.5) i(a;,y«,...2/W) = gijix)z^''^'z^''^^ 

is a fundamental function of a Lagrange space i^*^^". Its fundamental tensor 
field is exactly gij{x). 

Example 5.2 Let L (a;,j/*^^^) be the Lagrangian of electrodynamics 

(2.5.6) L {x, 2/(1)) = mc7i,(a;)?/(i)^y(i)^' + -biix)y^'^' 

m 

m,c,e being the well known physical constants, Jij{x) the gravitational poten- 
tials and bi{x) the electromagnetic potentials. 

Let us consider the nonlinear connection N determined like in previous ex- 
ample. Then 

(2.5.7) i(a;,t/(i\...,y('=)) = mcjij{x)z^''^'z^''^' + ^6i(x)^W^ 

is a fundamental function of a Lagrange space of order k, L^'^)" = (Af,L). 

Evidently L from (2.5.7) is a particular case of the Lagrangian from (2.1.5). 
It will be called the prolongation of order k of the electrodynamic Lagrangian 
in (2.5.6). 

In the end of this chapter we will study the geometry of the Lagrange space 
jjW'i^ with fundamental function (2.5.7). 

.( 6 6 6 ] 

The adapted basis < — -, , , . , . > determined by the canonical 

( ox'- dy^^i"^ dy^k)i j 

nonlinear connection N is given by (2.3.9) and its dual basis 
{6x^,6y^^^\ ....dy'-'^^^} is expressed in the formulae (2.4.2). 

The horizontal curves of the space L^^^" with respect to canonical nonlinear 
connection N are characterized by the system of differential equations 

-±— = ... = -2— = 0. 

dt dt 
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In the light of these properties we determine the autoparallel curves of N by 
adding the conditions to the previous differential equations 

^ dt ''"'^ fc! dt'' ■ 

Using the results from chapter 1 one can proves: 

The canonical nonlinear connection N is integrable if, and only if the fol- 
lowing equations hold 

^jk = ■■ ■ = Rjk = 0. 

(01) (Ofe) 



2.6 Canonical Metrical A'^- Connections 

Consider the canonical nonlinear connection N of the Lagrange space of order k, 
]^{k)n _ linear connection D on T^M is called an iV-linear connection 

if: 

1) D preserves by parallelism the horizontal distribution A'', 

2) DJ = 0. 

The coefBcicnts of D with respect to the adapted basis denoted by DT{N) = 
{L^jf^, Cj^, Cj^), can be uniquely determined if D is compatible with the Rie- 

(1) (k) 

mannian (or pseudoriemannian) metric G on T''M, determined by the funda- 
mental tensor field Qij of L^*^^". 

Namely, G is expressed in the adapted basis by 

(2.6.1) G = Qijdx' (g) dx^ + QijSy^^^^ ® Sy^^^^ + ■■■ + gij5y^''^^ ® 5y^^'^^ . 

D is compatible with G if 

£)xG = o,vx e A'(rfeM). 

Theorem 2.6.1 The following properties hold: 

1) There exists a unique N -linear connection D on T^M verifying the ax- 
ioms: 

(1) (k) 

(2-6.2) gij\h = 0, gij \ ^= ■ ■ ■ = gij \ ^= 0, 



(2.6.2') 



— ^hj' ^jh — ^hj^ — 1' •••^)- 

(a) (a) 
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2) The coefficients CT{N) = {L^jf^,Cjf^, ...,Cjf^) of D are given by the gen- 

(1) (fc) 

eralized Christoffel symbols: 



(2.6.3) 



T m 



2^ ^Sx^ Sxi Sx^'' 



1 



/^m 'ms 

(a) ^ 



+ 



), (a = 



(5y(")» (5t/(")^ 

5^ depends only on the fundamental function L of the space 



The connection D from the previous theorem is called the canonical metrical 

A''-conncction of the Lagrange space of order fc, L^*^)". 

The d-tensors of curvature of D satisfy the following identities: 

9sjRi hm + 9isRj hm = ^' 



9sj PJ hm 
(a) 



hm 

(a) 



/ ^o J hm + 9is S j — 
(a/3) (a/Sy 

The connection 1-forms of D are 



(2.6.4) = Li^dx^+ Cyy^"^\ 

a=l (a) 

Finally, the structure equations of the canonical metrical ^''-connection D 
are given by Theorem 1.7.1 in the conditions (2.6.3). 

The Bianchi identities of D are obtained from the structure equations ap- 
plying the operator of exterior differentiation and taking into account the same 
equations of structure. 

Now let us consider the tensor field 

(2.6.5) ^=-^^'^^' + ^^'^^'''^- 

We can see that F is globally defined on THd and -h F = 0. The pair (G, F) 

determines a Riemannian almost (fc — l)n-contact structure on T''M depending 
only on then fundamental function L of the space L^''^'^. 

Examples. 

1°. 7e('=)" =Prol'=7e". 

Let N be the nonlinear connection with the dual coefficients (2.5.3). It 
is determined only by gij{x). If {(5a;% Jy^^^*, Jy'*^)*} is the adapted cobasis 
to N and V\, then the formula (2.6.1) gives us a Riemannian structure G on 
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T'^M which depend on .9,j (x), only. The space Tl^''^" = {T^M,G) is called the 
prolongation to T'^M of the Riemannian structure {M, gij(x)). 

Consider the /c-Liouville vector field z^'^'^^ from (2.5.4) constructed by means 
of (2.5.3). 

In this case the pair L^^)" = {M, L{x,y^^\ ...,y^''^) is a Lagrange space of 
order fc, where L = gij(x)z'^^^^ z'^'^'^K 

The fundamental tensor field of L^*^)" is exactly gij{x), because z^'^^^ is of the 
form z^*^^* = y^*^^* + X^[x,y^^\ ...,y^''~^^). The canonical metrical A/'-connection 
has the coefficients 

L}h=lhi^), =0, {a = l,...,k). 

(a) 

2°. J'C^)" =Prol'^F". The prolongation of order fc of a Finsler space F" = 
(M, F{x, y*^^-*)) leads to a second example of Lagrange space of order k. 

Consider N the nonlinear connection with the dual coefficients (1.5.4). It is 
determined only by F". The iV-lift of the fundamental tensor gij{x, y*-^-*) of the 

space F" is given by (2.6.1). It is a Riemannian metric on T'^M determined by 
F" only. Thus, 

L = gijix,y^'^)z^''^'z^''^^, 

;^{k)i being the fc-Liouville vector fields corresponding to A'', is the fundamental 
function of a space 

The fundamental tensor of space is gij{x,y'^^^^) and the canonical metrical 
A'^-connection has the coefficients 

L],=F;,ix,y^% C%=Cik, qfc=0, (a = 2,...,fc-l). 
(1) («) 

2.7 Generalized Lagrange Spaces of Order k 

The notion of generalized Lagrange spaces of order fc is a natural extension of 
that of space L^*^^". It was used, [94], in the geometrical theory of the higher 
order relativistic optics. 

Definition 2.7.1 A generalized Lagrange spaces of order k is a pair 
{M,gij{x,y^^\...,y'^^^)) formed by a real n -dimensional differentiable manifold 

M and a differentiable symmetric d-tensor field gij defined on T^M, having two 
properties: 

a. gij has a constant signature on T^M ; 

b. rank \\gij\ \ = n on T^M. 

Of course, can be defined locally, in the case when g^j is given on an 

open set {it'')-^{U), U C M. 

We say that g^j is the fundamental tensor of the space 
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Notice that any Lagrange space of order k, L^'^)" = (M, L) is a generalized 
Lagrange space 

QL{k)n ^ [M,gij) with 

1 d^L 

(2.7.1) 9ij = -- 



2 dyC'^'dyi^)! ' 



But not and conversely. Indeed, is possible that the system of differential 
partial equations (2.7.1) does not admit any solution L{x,y^^\ ...,y^'''>) when 
the (i-tonsor field gij{x,y^^\ ....y^'^^) is apriori given. 



Let us consider the tensor field: 



(2.7.2) C 



^ l_^g^j_ 
(fc) '''' ~ 2 ■ 



It is not hard to see that C ah is a covariant of order three d-tensor field . 

(fe) 

Easily follows: 
Proposition 2.7.1 

A necessary condition so that the system of differential partial equation 

(2.7.1) admits a solution L(a;, y*^^-', y^'^-') is that the d-tensor field C ijh be 

(fe) 

completely symmetric. 

If the tensor C ijh is not completely symmetric we say that the space GL^'^^'^ 
(fe) 

is not reducible to a Lagrange space of order k. 

Example 2.7.1 Let 7?." = {M,-fij{x)) be a Riemannian space and 
a{x,y^^\ ...,y^^'>) a smooth function on T^M with the property , ^ 0. 
Consider the rf-tensor field on T^M: 

(2.7.3) 5,,(x,yW,...,y«) = e2-(-^'^^---'^<^')(7.,o;r'=)(a;,y«,...,yW 

We can prove that the pair GL^''^'^ = {M,gij) with gij from (2.7.3) is a 
generalized Lagrange space of order k, which is not reducible to a Lagrange 
space. 

This example proves the existence of spaces GL*^*^)" on the paracompact 
manifolds. For k = 1, this space was introduced by R. Miron and R. Tavakol 
[100], [114]. 

Example 2.7.2 Consider again 7?." = (M, 7ij(x)) and the Liouville d-vector 
field z^^^^ of the space Prol'^TZ'^. It is expressed by 

(2.7.4) = ky'^''^' + {k- 1)M42/('=-i)™ + ■■■+ y^'^">'^, 

(1) (fe-i) 

where the dual coefficients Mj, Mj are given by the formulae (2.5.3). 

(1) (fe-i) 

Evidently z^^^'^ linearly depends on y^^^'^. So that its covariant zf''' = jijZ^^''^ 
linearly depends on 
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Assuming that there exists a function n{x, y^^\ y^''^) > 1 on T''M, we can 
construct the following d-tensor field 

(2.7.5) g,,{x,yi^\...J'^)) = + (l - ^.^^^J^^^^^y,,,^ ) 4'='?^ 

One proves that the pair GL^''^'^ = {M,gij), with from (2.7.5), is a 
generalized Lagrange space of order k, which is not reducible to a Lagrange 
space of order k. 

In the case = 1, this space was studied by the author [91. 100] and applied, 
together with T. Kawaguchi [104] in the relativistic geometrical optics. 

In the previous two examples we have a natural canonical nonlinear connec- 
tion, with the dual coefficients (2.5.3), determined by the space Prol*^??.". 

Returning to the generalized Lagrange spaces of order k, GL^^^'\ we remark 
the difficulty to find a nonlinear connection derived only from the fundamental 
tensor g^j of the space. 

Therefore we assume that a nonlinear connection N ouT'^M is apriori given. 
Thus we, shall study the pair (TV, GL('=)") using the same methods like in the 
geometry of the space 

(55 5 \ 

i^TTT^j • • • 5 ^ I and its dual 
fe* 5y'^''> J 

basis ((5x% (5y(^)*, . . . , Sy^''^'^) , determined by the nonlinear connection, we define 

the iV-lift of the fundamental tensor gij: 



(2.7.6) G = gijdx' ® dx^ + gij5y^^^' ® 5y^^^^ +■■■+ gijdy'^''^' (g) Sy'-''^^ 

A A''-linear connection compatible to G is furnished by the following 
theorem: 

Theorem 2.7.1 1° There exists an unique N-linear connection D for which 

(a) 

gij\h = 0, gij \h =0, (a = 1, k), 

(2.7.7) 

^H=Li,, C),= Cy ia = l,...,k). 

The coefficients Cr{N) = [ C k,.... C \A of D are given by the 

\ (1) (k) ) 

generalized Christoffel symbols: 

rm ^ Irns f ^gi^ ^g^ _ ^9ij \ 

2^ \5xi 5x^ 5x' ) ' 

(2.7.7') 

/ %s 5gsj 5gij 
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The previous TV-linear connection of the space GL'^^^^ is called metrical 
canonical iV-linear connection. 

The structure equations can be written, exactly as in the chapter 1 (theorem 
1.7.1). 

The tensor F on T^: 
(2.7.8) F=-^0da.^ + ^^^y('=^ 

together with the metric tensor G from (2.7.6) determine a Riemannian {k — 

l)n-almost contact structure on T'^M. It is 'the geometrical model' of the 
generalized Lagrange space of order k, GL^^^"- = [M,gij). 



Chapter 3 

Finsler Spaces of Order k 



The geometry of Finsler spaces of order k, introduced by the author and pre- 
sented in his book 'The geometry of Higher- Order Finsler Spaces' Hadronic 
Press, 1998 is a natural extension to T'^M of the classical theory of Finsler 
Spaces. The impact of this geometry in Differential Geometry, Variational Cal- 
culus, Analytical Mechanics or Theoretical Physics is decisive. Finsler spaces 
play a role in applications to Biology, Engineering, Physics or Optimal Control. 
Also the introduction of the notion of Finsler space of order k is demanded by 
the solution of problem of prolongation to T'^M of the Riemannian or Finslerian 
structures defined on the base manifold M. 

In the present chapter we will develop the geometrical theory of the Finsler 
spaces of order k, based on the geometry of Lagrange spaces of the same order. 
Such that the Finsler spaces F^*'^" form a subclass of the class of spaces 
Consequently we obtain an extension of the sequence {i?"} C {i^"} C {L"} C 
{GL"} to the following sequence of the spaces of order k : {i?^'^)"} C {i^^*^)"} c 

In the next chapter we shall investigate the dual of this sequence, made by 
the Hamilton spaces of order k. 

3.1 Spaces F^^)" 

In order to introduce the notion of Finsler space of order k there are necessary 
some preliminaries. A functions / : T'^M — >■ R, of C°° class on T'^M and contin- 
uous on the null sections of the mapping tt'' : T'^M ^ M is called homogeneous 
of degree r ^ Z on the fibres on T'^M (briefly r-homogeneous) if for any positive 
constant a, we have: 

(3.1.1) /(ar,ay«,aV'\-,aV'^) = «V(a;,y('\...,y(''). 
An Euler theorem holds: ^ 

A function f G T{T''M), differentiable on T'^M and continuous on the null 
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section ofn'^ is r— homogeneous if and only if: 

(3.1.2) CJ = rf, 

r 

Ck being the Lie operator of derivation with respect to the Lioville vector field 
r 

k 

r, i.e.: 

(3.I.2.) = ,<.)._^ + .. + .„<..._^. 

Notice the following property: 

// the function f € T{T^M) is differentiahle on T^M ( inclusive in the 
points (x, 0, 0)) and k— homogeneous then f is a polynom of order k in the 
variable y^^^', y^^^', y^'^^'. 

The notion of homogeneity can be extended to the vector fields and 1— form 
fields on T^M. One proves: 

A vector field X e A'(T^M) is r-homogeneous if and only if 

(3.1.3) £,X = (r-l)X. 

r 

Of course, C^X = [t,X]. 
r 

d d d 

For instance, the vector fields — — , ^ ^ are 1,0, 1 — fc homo- 

ax* 5y(i)* ayC^)' 

geneous, respectively. 

An homogeneous k- semispray S is called a k— spray. The following sentences 
hold: 

1°. A k— spray S given by 

(3.1.4) s = y«*|4 + ...+fcy('=)^^#TT7-(fc+l)G^ 



is 2-homogeneous if and only if its coefficients G* are fc + 1- homogeneous. 
2°. The dual coefficients Mj,Mj,...,Mj of the nonlinear connection N, (ac- 

(1) (2) (fe) 

cording to Theorem 2.5.2, ch.2) determined by a 2 -homogeneous spray S are 

1,2, fc-homogcncous, respectively. 

3°. The same property have the coefficients A^j, Aj of the nonlinear con- 

(1) {k) 

nection A". 

s s s 

4°. The local adapted basis to A^. — -, , , . , . has the following 

ox' dy('-''^ oyy'^i'^ 

degree of homogeneity 1,0, ...,1- k, respectively. 

5°. If A" e A* [T^M) is r-homogeneous and / € T{TkM) is s-homogeneous, 
then A/is s + r — 1-homogeneous. 

Evidently the 1-forms dx*, rfy^^^*, dy^'^^' are homogeneous of degree 
0, 1, A, respectively. The same degree of homogeneity have 
5x\ 5y'^^'>\ ^y^'')* (the dual basis adapted to A'). 



Finsler Spaces of Order k 



45 



A g-form oj G A^(T'=M) is s-homogeneous, if and only if 

(3.1.5) jCkOJ = soj. 

r 

Evidently, if w is s - homogeneous and ui' is s'- homogeneous then a; A w' is 
s+s'- homogeneous. 

For any s-homogeneous oj E K'^{T^M) and any r-homogeneous T^M) the 
function uj{X, ...X) \s r + [s — l)q homogeneous. 

Now we can formulate: 
Definition 3.1.1 A Finsler space of order k, k > 1, is a pair 

p{k)n ^ (-^^^ ^) 

determined by a real differentiable manifold M of dimension n and a function 
F : T'^M R having the following properties: 

1° . F is differentiable on T^M and continuous on the null section : M — )• 

. F is positive. 
3° . F is k-homogeneous on the fibres of the bundle T'^M, 
4° ■ The Hessian of F"^ with the entries 

1 d^F^ 

is positively defined on T^M. 

The fc-homogeneous means positively k- homogeneous since 

F{x, ay^^\ a^y^-^^) = a^F{x, y^^\ y^^^) holds for any a > 0. 

It is not difficult to see that this definition has a geometrical meaning, gij 

from (3.1.6) being a d-tensor field on T^M. Such that the function F is called the 
fundamental or metric function and the d-tcnsor field is called fundamental 
or metric tensor of the Finsler space of order fc, F'^''^. Of course, the axiom 4° 
implies: 

(3.1.7) rank \\gij\\ = n 

Clearly, in the case k = l,^''^)" = (M.F) is a Finsler space [115]. 
We can see, without difficulties that the following theorem holds: 

Theorem 3.1.1 The pair LW" = {M,F^{x,y'-^\...,y'-''^ )) is a Lagrange space 
of order k. Conversely, if L'^^'>^^ = {M, L{x^y'^^\ ...^y'^^^) is a Lagrange space of 
order k, having the fundamental function L positively, 2k- homogeneous and the 
fundamental tensor gij positively defined, then the pair F^^^'^ = (M, ^/L) is a 
Finsler space of order k. 

Consequently, the class of spaces F^'^)" is a subclass of spaces 
Taking into account the fc-homogeneity of the fundamental function F and 
2A;-homogeneity of F'^ we get: 
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1°. Pi given by 

1 dF^ 

(3.1.7') p^ 



2 SyC^)* 

is a /c-homogeneous d-covcctor fields. 

2°. p = pidx^ is a A:-homogeneous l-form. 

3°. The fundamental tensor gfjj is O-homogeneous. Its contravariant g^^ 

is 0-homogcncous {gijg^^ = too. 
These homogeneities imply: 

dF'^ BF^ 

(3.1.8) C.F^ = 2kF\£^^ = k-^, (or C,pi = kpi), 



(3.1.8') ^k^9ij — ^1 i^kCijh — 

where 



(3.1.8") C,,H = ^ ^"^^ 



1_%^ _ 1 



Of course, the equation £^5^- = can be written as follows: 

(3.1.8"') Ug.. = (y^^>^ + ... + y'-'^'^)9rs = 0. 

The integral of action of F along a parametrized curve c : 



can be considered for determining the length of c : [0, 1] — )• T'^M in the given 
parametrization. 

Theorem 2.1.1 shows that the necessary conditions for the integral of action 
/(c), (3.1.9), to be independent on the parametrization of a curve c are given 
by the Zermelo conditions 

£iF = ... = = 0, £^F = F. 

r r r 

But CkF = F and C^F = kF, for > 1 are contradictory. 

r r 

Consequently, in a Finsler space of order k, k > 1, the integral of action 
(3.1.9) essentially depend on the parametrization of a curve c. 

Example 3.5.1 Let F" = {M, F{x,y^^^)) be a Finsler space having 
gij{x,y^) as the fundamental tensor and Mj{x,y^) as coefficients of the Cartan 

(1) 
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nonlinear connection. Then, theorem 1.5.4 gives us the dual coefficients on 
T'^M : 

Miix, M;{x, M;{x, y«, y W) 

(1) (2) (fe) 

of a nonlinear connection, which depends only on the fundamental function 
F{x,y^^^) of the Finsler space F". 

It is not hard to see that these coefficients are homogeneous of degree 
l,2,...,k respectively. This property implies that the d-Liouville vector field 

(3.1.10) kz^''^' = ky^''^' + {k- l)Mjt/('=-i)^' + ... + M] 

(1) (fc-i) 

is linear in the variables y'*^-'' and it is fc-homogeneous. 
Consider the function 

(3.1.11) F(x,yW,...,t/W) = {5,,(x,y(i))^«'^W^"}i/2^ 

gij{x,y^^^) being a d-tensor positively defined. It follows that F from (3.1.11) 

is a positive diffcrcntiablc function on T'^M and continuous on the null section 
of n'^. It is k -homogeneous and has gij{x,y^^^) as the fundamental tensor. 

Consequently, the pair F^" = (M,F(a;,y(^), ...,?/('=)) for F from (3.1.11) is 
a Finsler space of order k. 

Concluding, we have: 

Theorem 3.1.2 If the base manifold is paracompact then there exist a Finsler 
space of order k, F^^^". 

The spaces F'^*')" constructed in example (3.1.1) is called the Prolongation 
of order k of the Finsler space F". It is denoted by Prol^^F". 

In order to determine the geodesies of the space F^*^^" we take the integral 
of action of the regular Lagrangian F^. The variational problem leads to the 
Euler - Lagrange equations. 

(3.1.12) E,{F)-^- + ... + (-1) - 0. 

The integral curves of the previous equations are called the geodesies of the 
space F^'^^". Applying the theory from the section 2, ch. 2 we can determine 
the infinitesimal symmetries of the spaces F*^*^^". 

The energies of order k,k — 1, 1 of the Finsler space of order k, F^*^)" = 
(M, F{x, y^'^\ y^''^)) are given by the formulae (2.3.1), for L = F^. 

In particular, Theorem 2.3.2 can be applied in order to obtain 

Theorem 3.1.3 The energy of order k, £^{F'^) of the Finsler space F^^^" is 
conserved along every geodesic of this space. 
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Let us consider 

V dF^ V _ dF^ V _ V _ dF"^ 

(3.1.13) ^^.P(o)z- 

Then we have 

Theorem 3.1.4 1° . The Cartan differential 1-forms are the followings 

(3.1.14) d,F^ =P(k-i)i dx'+ \k)i dy^^^\ 

dhF"^ =P(o)i dx'+ P(i)i dy^^^^ + ...+ P(k)i dy^''^\ 

. And the Poincare 2-forms are given by 
rfdo-F = dP(^k)i Ada;*, 

= d Adx' + ... + d P^k)^ dy^^'^\ 
Here we have ddkF"^ = d^F"^ = 0. 

5°. The 1-forms doF'^,diF'^, ...,dkF'^ are k,k -\- l,...,2k homogeneous, re- 
spectively. 

3.2 Cartan Nonlinear Connection in F^^^*^ 

The considerations made in the previous chapter allow us to introduce in a 
Finsler space of order k, F^^> = (M, F) the main geometrical object fields 
as: canonical fc-spray, Cartan nonlinear connection, canonical A^-lincar connec- 
tion etc. Canonical mean here that all these object fields depend only on the 
fundamental function F. 

1 k 

Taking into account the operators Ei, Ei, Ei given by (2.2.8) we construct 
the system of d -covector fields 

(3.2.1) Ei{F^),E,iF^),...,E,iF^) 
All equations 

Ei (F^) = 0, Ei (F^) = 0, ''eI (F2) = 
have geometrical meanings. The equation 



fc-i 

Ei (F^) = 
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is important for us. It will be called the Craig-Synge equation. Using (2.2.8), 
this equation is expressed as follows 

^^^^ 92/(^-1)^ did^~ 

d dF"^ dF'^ 2 d'^^^x^ 

Consequently, the Craig-Synge equations (3.2.2) is equivalent to the follow- 
ing equations 

/^•i;,(F^)=0,yW = ^,...,yW^= 



'"''^ fc! dt'' 



or 



(3.2^3) f^;;f! + „ + i)G-,x,f,...i$)=0, 

where 

1 3F^ r)F^ 

(3.2.4) (fc + i)ff (.,,«,. ..,,('=)) = 2^-{r(^) - ^^}. 

Applying the Theorem 2.5.1 one obtains: 

Theorem 3.2.1 The Craig-Synge equations (3.2.3) determines a canonical k- 

spray S : 

(3.2.5) 

S = yd)* A + 2y(2)i_JL... + ky^k)^^^_ yW)^^ 

with the coefficients G* Jrom (3.2.4). 

Note that S* depend only on the fundamental function F of the space F^^^"^ . 

It is a fc-spray, since it is a 2-homogeneous vector field. The paths of 5* are 
given by the differential equations (3.2.3). 

By means of the Theorems 1.5.1 and 3.2.1 the dual coefficients of the non- 
linear connection N determined by the canonical /c-spray S are given by: 

Theorem 3.2.2 In a Finsler space of order k, F^^^^ = {M,F) there exist 
nonlinear connections, depending only on the fundamental function F. One of 
these, denoted by N, has the dual coefficients: 

M* = ^—{gnr^ ^]} 

2(k + l)dy'^^)i^^ ^ ayW™ 

(3.2.6) = \{SMl + M^M-]}, 

(2) ^ (1) (1) (1) 



(fe) (fe-i) (1) (fe-i) 



50 



THE GEOMETRY OF HIGHER-ORDER HAMILTON SPACES 



where S is the canonical k-spray of the space F^'^)". 

A'' is called the Cartan nonlinear connection of the space f'^^^^. 

In the case k = 1, N reduces to the classical Cartan nonlinear connection of 
the Finsler space = (M, F(a;, y^^))). 

Some properties of N. 

1°. The Cartan nonlinear connection N is globally defined on T'^M (if 
F{x,y'^'^\ ...,y'^^^) has this property) 

2°. The dual coefficients (3.2.6) of A'' are homogeneous of degree 1,2, 

i.e: 

(3.2.7) £fcM; = aM;,a = l,...,fc. 

r (a) (a) 

The coefficients iVj, Aj of N, (ch.l) are expressed by 
(1) (fe) 

iV] = M], 
(1) (1) 

f3 2 8) = - ^-^i"' 

^ ■ ■ ' (2) (2) (1) (1) 



(fc) (fe) (1) (1) (fc-1) 

These coefficients are homogeneous functions of degree 1, fc respectively, 

i.e 

(3.2.7') C,Ni = aN}, (a=l,...,fc). 

^(a) (a) 

The Cartan nonlinear connection N gives rise to a distribution 
Nu C Tu{T^M) supplementary to the vertical distribution Vu C Tu{T'^M), 
yu GT'^M with the property: 

TuiTHl) = Nu®Vu ,yue T^M. 

If we consider the distributions 

No = N,Ni = J{No),...,Nk-i = J{Nk-2),Vk = J{Nk-i), 

then according to the general theory we obtain the direct decomposition of the 
vector spaces: 

(3.2.9) T„(ffeM) = 7Vo,« ® e ... e Nk-i,u ® Vw e TkM. 

The local adapted basis to the direct decomposition (3.2.9) is 
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where 



^ = TT- -iVf^^^ - ... - A^f- 



6x^ dx^ (udyWj "' ,Ady(>')i 



(1) (fe) ' 

(3211) ^ = ^_iv^^_ - ^ 



5 d 



Nf N- being the coefBcients (3.2.8) of the Cartan nonlinear connection. 
(1) ik) 

Of course we have 

Taking into account section 1.4 ch.l, the dual (adapted) cobasis, of the basis 
(3.2.10) is: 

(3.2.12) {Sx\dy^'^\...,5y^''^') 
where 

(5x* — dx*, 

= dy'^^'i^ + Mjdx^ , 
(3.2.12a) (1) 



= dyC^)' + Mjdy^'^-^'i' + ... + M]dx^ , 
(1) (fe) 

Mj, Mj, being the dual coefficients (3.2.6) of the Cartan nonlinear connection 

(1) (fc) 
N. 

It is not difficult to sec that the following identities hold: 
J*{5y'^^^') = J*(5y('=-i)0 = 

J*(5j/(i)») = fe% J* (da;') =0. 



(3.2.13) 



J* being the adjoint of the fc-structure J. 

Now we can determine the differential operators dk, dk-i, do defined in 
(1.2.11), using the expression of the operator of differentiation dk = d in the 
adapted basis: 
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Applying (3.2.13), we get dk in (3.2.14), and 

dk-i = J*dk,dk-2 = J*dk-i, do — J*di. 

One obtains: 

(3.2.15) 



^0 = j^^^ ■ 



Consequently, we get: 



Theorem 3.2.3 With respect to the direct decomposition (3.2.9), in adapted 
basis (3.2.11), (3.2.12), the Cartan 1-forms doF"^ , diF^ , dkF"^ of a Finsler 
space of order k, J'^'^)" = (M, F) can he expressed as follows: 

doF^ = (doF^)", 
(3.2.16) diF^ = {diF^)" + (diF2)^i , 

dkF^ = (dkF^)" + {dkFY' + - + (4^')^^ 

Equivalently, 

SF'^ 



In the previous expressions every term is an 1-form field on T^M. So we 
have the following main 1-form fields 
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(3.2.18) 



Ip2 



Theorem 3.2.4 1° . The 1-form fields 9o,...,9k depend only on the fundamental 
function F of the Finsler space F^''^". 

. The exterior differentials of 6o, ...,6k, 



V 

^6*0 = dP{k)i /\Sx\ 
(3.2.19) dOi = d A5y(i)^+ P(k)i Addy(^^\ 

dOk = dP^k)i ASy(''^'+\k)i AdSy^''^' 
have the same property of homogeneity. 



The second terms oidOo, d9k, the exterior differentials of 1-forms 6y^''^'' 
are calculated by means of formulas: 



1 * 
d<5y(")' = -R'j^dx"' Adx^+J2 B]^dy^^'^'^ A dx^ - 

(3.2.20) 

/3.7=l(a7) 



(") 

where Cj^^ 0' ^^'^ ^^^^ coefficients from the right hand side can be calculated 

(aa) 
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using the following Lie brackets: 



r ^ 1 _ pi ^ pi ^ 



(3.2.21) 



5 (5 



(al) (afe) 
(1) J (fc) 

(a/3) (c 

(a,/3=l,...,fc). 



The whole previous theory can be applied to the following Lagrangians as- 
sociated to the Finsler space F*^*^^" 

(3.2.22) = g^JZ^^^'7^^^\ Fl = .g,,zW'z('=)^' 



especially in the cases of the particular Finsler spaces of order fc, Frol ''TZ" 
or Prol'^F" (see ch.2). The Lagrangians Fi,...,F^ are positive functions and 
are 2, 4, 2k -homogeneous, respectively. 

The autoparallel curves of the Cartan nonlinear connection A'' are charac- 
terized by the system of differential equations 

SyWi _ _ Syik)i _ 
dt ~ ~ dt ~ ' 

^ dt ''"'^ k\ dt'' ■ 

3.3 The Cartan Metrical A/'-Linear Connection 

Let A'^ be the Cartan nonlinear connection of the Finsler space of order k, 
p(k)n ^ (Af,F) having the adapted basis (3.2.10) and its dual (3.2.12). 
The lift of the fundamental tensor field gij is given by (2.6.1), 

(3.3.1) G = Qijdx' dxi + QiM^^' 8) Sy^'^^i + ... + gi^''^' ^ ^V^'"^' ■ 

Theorem 3.3.1 G from (3.3.1) is a Riemannian structure on T'^M which de- 
pend only on the fundamental function F of the space F^*^)". The terms of G 
are 0,2, ...,2k homogeneous, respectively. 

Notice that G is not homogeneous. We can construct an homogeneous one 
using the Lagrangians (3.2.22). 
Namely 

(3.3.1a) G= gijdx' ® dx^ + ^giM^^" ® ^V^^^' + - + -^9iM''^' ® ^V^'"^' ■ 

-^1 
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G is a Riemannian structure on the manifold T'^M determined only by the 
fundamental function F and it is 0-homogeneous. 

In the following we consider the Riemannian structure G from (3.3.1). 

An A'^-linear connection D is compatible with G if 

DxG = 0, VX e X{fkM). 
Applying the Theorem 2.6.1, we have: 

Theorem 3.3.2 For a Finsler space of order k, F^*^'" = (M, F), the following 

properties hold: 

1° . There exists an unique N -linear connection D on T^M verifying the 
axioms: 

A\ N is the Cartan nonlinear connection, 
M gij\h = 0, 

(a) 

^3 .9 tj\h= 0, 

M q,=Ci. (a = l,...,fc). 

(a) (a) 

2^. The coefficients Cr{N) = (-Fj^, (^jj^,, Cjj.) of D are given by the gen- 
ii) (fc) 

eralized Christoffel symbols (2.6.3), (F":^ = U-J. 

3°. D depends only on the fundamental function F of the space F^'^^". 

The metrical N linear -connection D from the previous theorem will be 
called the Cartan metrical N -linear connection of the space FC^)" and denoted 
by CT(7V). 

Of course, the torsion d-tensor fields and the curvature d-tensor fields of 
CT{N) can be written without difficulties. Such that we have 

(3.3.2) t;^ = o, s;^ = o,ia = i,...,k). 

(0) (a) 

Also we can calculate the deflection tensor of CT{N) : 

(") , , (/3a) (a) 

The coefficients CT{N) = {F^fi, Cj^, Cj^) are 0, —1, —k -homogeneous. 

(1) (fc) 

The d-tensors of curvature of Cr{N) satisiy the identities: 

9sjRi hm + 9isRj /iTO = 0' 

9sj P.i hm + 9is P j hm = 0, 

(3.3.3) 
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Notice that the equations R = 0, (a = 1, fc) characterize the integra- 

biUty of the Cartan nonlinear connection. 

The connection 1-forms of the Cartan metrical A^-linear connection CT{N) 
are given by: 

(3.3.4) c.',. = F;„dx'^ + qji'^^ + ... + ciM^^K 

(1) w 

Theorem 3.3.3 The structure equations of the Cartan, m,etrical N -linear con- 
nection Cr{N) of the Finsler space i^C^)" are given by: 

(0) 

d{dx')-dx''" Aco'^ = -n', 

(3.3.5) , ^. , ^ . (") 

d{6y^"^') - Sy^"^"" Aij\ = - n\ {a = l,...,k), 

(0) (a) 

where fi', are the 2- forms of torsion: 

(0) 

0.'= C],,dx^ A 6y^^^^ + ... + C),,dx^ A 5y^^^^ 
(1) (fc) 



(3.3.6) S= '^R^jhdx^ A dx^+ B]^dx^ A 



(Oa) 7=1 (7a) 



k W) k 

+ E C'jh ^y^^^' ^ ^y^''^'" - iFjhdx^+ E C'j^Sy^^^^)Sy^''^'' 

7=l(c«7) 7=1 (7) 

and fl^j are the 2-forms of curvature: 
(3.3.7) 

n^j = lR)^^dx''Adx''+Y, P^j^^dx''A5y^-^''+ ^ Sj ^^Sy^^^^ ASy^-rh. 

7=1 /3,7=1 

Now, we can obtain the Bianchi identities of the Cartan metrical A'^-linear 
connection CT{N) if we apply the exterior differential to the system 

(0) (a) 

of equations (3.3.5) and calculate d n^,d fi* and dQ^j from (3.3.6) and 

(3.3.7) , modulo the system (3.3.5). 

Finally, consider the tensor field F determined by the Cartan nonlinear con- 
nection A''. 

(3.3.8) ^=__l_^dx^ + A.^si'^\ 
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It is not difficult to prove that CT{N) has the property -D^F = 0. Indeed, 

S 6 
D^¥ = -{D^-^) ®dx'-j^^® D^dx'+ 

5x^ 5x^ 5x^ 



5x^ 5x^ 



A AAA 



We proceed analogously in the case D ^ F = 0, (a = 1, fc). 

Since Cr{N) has the property DxG = 0, it follows: 

Theorem 3.3.4 The structures G and¥ determine a Riemannian {k—l)n- al- 
most contact structure on T^M, which depends only on the fundamental Finsler 
function of Finsler space F^'^)" = (M, F). 

In the case k = 1, the triple (TM, F, G) is an almost Kahlerian space. 
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Chapter 4 



The Geometry of the Dual 
of /c- Tangent Bundle 

In the book [115] one studies the geometry of the dual of the 2-tangent bundle, 
which has been used to investigate the Hamilton spaces of order 2. Now, we 
consider this problem for the general case. A; > 1. 

The dual bundle T**'M of the fc-tangent bundle must have the same prop- 
erties as the cotangent bundle T*M with respect to tangent bundle TM . Such 
that the manifold T*''M should have the same dimension (fc + l)n as the man- 
ifold T'^M. T*'^M should carry a natural presymplectic structure and at least 
one Poisson structure. The manifolds T^M and T*^M should be locally diffeo- 
morphic. 

The dual bundle T*''M plays a main role in construction of the notion of 
Hamilton space of order k. 

In the present chapter we introduce the bundle T*'^M and point out the 
main geometrical natural object fields, that live on the differentiable manifold 

4.1 The Dual Bundle (T*^M, 7r*^ M) 

Definition 4.1.1 We call the dual bundle of k-tangent bundle (T'^M, tt'^, M) 
the differentiable bundle {T*^M,tt*^ ,M) whose total space is the fibered product: 

(4.1.1) T*^M = T^-'^M XmT*M 

and for which the canonical projection tt**^ is 

(4.1.1a) 7r*'= =77*=-^ Xmtt*. 

The previous fibered product has a differentiable structure given by that 
of the (fc — l)-tangent bundle {T^~^M,tt^~^ ,M) and the cotangent bundle 
(T*M, TT*, M). For A; = 1, we have T*'^M = T*M and Tr*^ = tt*. Sometimes we 
denote {T*^M,-k*^ ,M) by T*^M. 
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A point u e T*'^M will be denoted by u = [x, y^^\ ■■■tV'^^ ^\p), 7r*'^(u) = x. 
The projections on the factors of the T*^M from (4.1.1) are 

^*k_^:T*^M^T^-^M, 7r^^i(a;,yW,...,y('=-i),p) = (a;,2/W,...,y('=-i)), 
7f* ■.T*^M ^T*M, Tf*{x,y^^\...,y^^-^\p) = {x,p) 

and the canonical projection ir*^ : T*'^M — > M. 

Therefore, the following diagram is commutative: 

7f* 

I \ 

I TT*'' T*M 

TT* 

M 

Let {x\y''^^\ ...,y'^''~'^^\pi), {i = l,2,...,n = dimM) be the coordinates of 
a point u = {x,y^^\ ...,y^''~''-\p) e T*'=M in a local chart ((tt**')"^ {U),^^ on 

The change of coordinates on the manifold T*''M is: 



^k-i 



x' = x'{x\...,x"), det( ^ ) ^0, 



(4.1.2) 



^ ^ {1)3 



(k - nw^*^-!)* = ^y!^^yW3 +... + (k- 

„ dx^ 



where the following equalities hold: 

(4.1.3) = %__ = ... = _%__; (a = 0,...,A:-2;?/W=x). 

Sometimes (cf. Ch. 1) y^^^*, yC^"^)* will be called accelerations of order 1, 2, 

fc — 1, respectively and pi will be called momenta. T*^M is a real manifold 
of dimension {k + l)n. So it has the same dimension as that of the manifold 
T^'M. 

The natural basis of the vector space T„(T*'=M) at the point u e T*^M, 



The Geometry of the Dual of k -Tangent Bundle 



61 



d 



d 



d 



d 



Qyik 1)4 Qp^ 



(4.1.4) 

d dx^ d dy'^^^^ d 



u > is transformed under (4.1.2) as follows: 



: + ■■■ + 



d 



dx^ dx^ dx^ dx^ dy^^^^ 



dx^ 



7(fc-i)i dx' 



+ 



d 



dyW' dyW^ 



dyWi 



-,(k-l)3 



d 



Qy(k-2)i Qy(k-2)i Qy{k-2)] Qy{k-2)i Qy{k-1)3 ' 

d _ dy^^~^^i d 

d dx'^ d 
dpi dx^ dpj 

calculated at the point uGT*''M. 

The Jacobian matrix of the transformation (4.1.2) at the point u G T*''M 

is: 



(4.1.5) Jk 





dx^ 
dx^ 


















dyWj 


dyWO 















dx^ 


dyW^ 






dyik-l)j 















dx^ 






Qy{k-l)i 




v 


dpj 
dx^ 











dx^ 


J 



It follows 



(4.1.5a) 



det Jfe(u) = 



dx"^ 



k-l 



Theorem 4.1.1 1^ If k is an odd number, then T*''M is an orientable mani- 
fold. 

If k is an even number, the manifold T*''M is orientable if and only if 
the base manifold M is orientable. 

The form (4.1.5) of the Jacobian matrix implies the following transformation, 
with respect to (4.1.2), of the natural cobasis {dx^,dy^^^^, ...,dy^''~^^^,dpi}, at 
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a point u e T*'=M: 

dxi dy^^)i SyC^-i)-? 



Also, we can prove without difBculties the following theorem: 



Theorem 4.1.2 If the differentiable manifold M is paracompact, then the dif- 
ferentiable manifold T*''M is paracompact. 

Consider the category Man of differentiable manifolds. 

There exists a covariant functor T*'^ : Man — >■ Man in which the differen- 
tiable mappings f : M ^ N, analytical expressed by x^ = (x^, (i', 
j' = 1', 2', n' = dimiV) give the mappings T*'=/ : T*'=M T*^N, in the 
form 

a;*' = x^' {x^, 



(4.1.7) 



dx^ 
'dx^ 

This fact will be used in the theory of subspaces in Hamilton spaces of order 



dx^^'=^^- 



k. 



4.2 Vertical Distributions. Liouville Vector Fields 

The null section : M ^ T*''M of the projection n*'' is defined by : a; e 

M ^ (x, 0, 0) € r*'=M. As usual we denote r*'=M = T*''M \ {0}. 

The tangent bundle of the manifold T*'=M, {TT*^M,dn*^ ,TM), allows to 
define the vertical subbundle VT*^M ~ kcrdTr**^. We get the vertical distribu- 
tion V , formed by the fibres of VT*^M . V is locally generated by the set of 

( Q d d ^ 

vector fields < — -tttt, • • • , —-r, — rr^, -t: — > at every point u e T*^M. 
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So, V is an integrable distribution and its dimension is kn. 
It is convenient to adopt the notation: 

(4.2.1) d'= 

Taking into account the relations (4.1.4) we can consider the fohowing sub- 
distributions of V: 

r d ] 

Vh-i, locally generated by (k-i)i y dimension is n and it is inte- 
grable. 

( d d ] 

Vk-2, locally generated by | g^^(fc_2), ^ dy{k-i)i y "^^^^ dimension 2n 

and it is integrable, too and so on. 

( d d ] 

Vi, locally generating by ' ' ' : Qy{k-i)t | ■ dimension is {k - l)n 

and it is also integrable. Of course, we have the sequence of inclusions: 

Vfc-i c 14-2 c • • • c Vi c y. 

dx^ — ■ 

The transformation of vector field 9* from (4.1.4), d^= ■^r::r- d\ shows that 
we have one more vertical distribution Wk , locally generated by the vector fields 

l^*! at the points u G (tt**^) ^ ([/). Its dimension is n and it is an integrable 

distribution, too. 
We conclude by 

Proposition 4.2.1 The following direct sum of vector spaces holds: 

(4.2.2) K = Vi,u © Wi,u , Vu e T*'=M. 
Using again (4.1.4) we obtain without difficulties 

Theorem 4.2.1 1^ The following operators in the algebra of functions 



Qy{k-l)i ' 



(4.2.3) ^=y(i)i^_^+22;(2)^- ^ 



Qy(k-2)i y aj/(fc-l)i' 



and 



(4.2.4) 



C* =pid' 
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are vector fields on T*''M. They are independent vector fields on the manifold 

T*^M. 

^ The function 

(4.2.5) V = Piy^'^^' 
is a scalar function on the manifold T*'^M. 

1 2 fe-l 

Evidently, F belongs to the distribution Vk-i, T belongs to Vk-2, T 
belongs to the distribution Vi and the vector field C* belongs to the distribution 

1 fe-i 

r, r are called the Liouville vector fields and C* is the Hamilton vector 
field onT*^M. 

1 fe-i "'Tr' 

The Liouville vector fields F, T are linearly independent on T*''M and 
exactly as in ch. 1 we can prove: 

Theorem 4.2.2 For any differentiable function H : T*^M — >■ R, d^H , diH, 

dk-2H defined by 

(4.2.6) d,JJ=^-jj-^di' + ^-jj-^%(i>, 



are fields of 1-form on T*''M. 
Proposition 4.2.2 1^ dk-iH given by 

(4 2 7) d^ .H= —dx' + -^dty(i)* + • • • + — ^^dt/C^-i)^ 

is not a field of 1-form. 

^ Under a transformation of coordinate on T*''M, dk-iH transforms as 
follows 

(4.2.8) dk-iH = dk-iH+ H^dx\ 

ax' 

SPlfd'H = 0, then dk-iH is a field of 1-form. 

Proposition 4.2.3 The relation between the differential dH and d^-iH are 

given by 



(4.2.9) 



dH = dh-iH+ d' Hdpi 
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Indeed, 

= dk-iH+ d' Hdpi. 

Rem,ark The differential dH being invariant under the coordinate transforma- 
tions (4.1.2), i.e. dH = dH, from (4.2.9) it follows the rule of transformation 
(4.2.8) of dk-iH. 

liH = ip = then doH =■■■ = dk-^H = and 

(4.2.10) w = dk-2V = Pidx\ 

to is called the Liouville 1-form on the manifold T*'^M. 

The exterior differential doj of the Liouville 1-form oj is expressed by 

(4.2.11) e = du = dpi A dx\ 

Using (4.1.6) we can prove the invariance of 2-form 9 with respect to (4.1.2). 
Now, based on the previous results we obtain: 

Theorem 4.2.3 1^ The differential forms u and 6 are globally defined on the 

manifold T*''M. 

6 is a closed 2-form, i.e. dd = 0. 

is a 2-form of rank 2n. It is a presymplectic structure on T*^M. 

Proof: 1° w and 9 are invariant with respect to a change of coordinates 
(4.1.2). 

2" d = diu implies d9^0. 

3° 6* = dpi A dx' is a 2-form of rank 2n < {k + l)n = duaT*''M, for fc > 1. 
Consequently ^ is a presymplectic structure on T*'^M. 
Remarks l" For k = 1, uj and 9 are the 
Poincare-Cartan forms on the cotangent bundle T*M. 
2° The previous theorem shows the existence of a natural presymplectic 

structure on T*^M. 



4.3 The Structures J and J* 

There exists a tangent structure J on T*'^M defined as usual by the endomor- 
phism J : A'(r*'=M) X{T*^M): 

(4.3.1) 

d \ d / d 



( dyik-2)i ) - Qy{k-i)i ' yQy{k-i)i] - •^(^') - ^ 
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at every point (/ G T*^M . 

By means of (4.1.4) one proves without diffieulties 

Theorem 4.3.1 f J is globally defined on T*^M. 

J is a tensor field of type (1, 1), locally expressed by 

5° The structure J is integrable. 
f JoJo---oJ = J^ ={). 
5° ker J = Vk-i ® Wk, Im J = Vi. 
6° rank \\J\\ = (fc - l)n. 

According to the above theorem we may call J the k — 1 -tangent structure. 
The endomorphism J applied to the Liouville vector fields gives us: 

(4.3.3) j(r) = 0, j(r) =r, J('r') = r, 

and 

(4.3.3a) J(C*) = 0. 

Let us consider a vector field X e X{T*''M), locally expressed by: 



(o)i d (1)* d d 
(4.3.4) ^=^^+^^ + -+ X 

1 fc— 1 

Proposition 4.3.1 i° For any vector field X e A'(T**^M), X, X 
given by 

(4.3.4a) X= JX, X= J'^X, V= J'^-^X 

are vector fields. 

If X is given by (4.3.4), then we have: 

1 (0)i a (fe-2)i d 

X=X 7rTTT- + ---+ X 



2 (o)i a (fe-3)i a 



fe-i (o)i a 



1 2 

5^ T/ie vector field X belongs to the vertical distribution V\ , X belongs to 

k-l 

the distribution V2, X belongs to the distribution Vfc-i- 
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Now consider the adjoint of fc— 1-tangent structure J. It is the endomorphism 

J* : X*{T*^M) X*{T*^M) defined by 



(4.3.5) 

J* (da;') =0, J*{dpi) =0. 
Using (4.3.5) and (4.1.6) we obtain: 

Theorem 4.3.2 f J* is globally defined on T*''M. 
^ J* is a tensor field of type (1, 1) on T*''M, i.e. 

(4.3.6) J* = dx' + d2/(i)' ® + • • • + t^y^'"'^^ - ^ 



5° rank \\J*\\ = {k - l)n. 

4^ J* is an integrable structure. 

J* is called the k — 1-adjoint tangent structure. 

J* can be extended to an endomorphism of the exterior algebra A(r*'"M) 
as follows: 



J*f = /, V/ e T{T*''M), 

(4.3.7) 

{J*u){X^,...,Xq)=oj{JXx,...,JXq), \/u eAi{T*''M). 
Let be w e A^{T*''M) and consider 

(4.3.7a) w= J*uj, ''w'= J<''-^^uj. 

1 k—l 

Then .... w are 1-form fields. 

In particular, we get 

(4.3.8) J*dH = dk-2H, J*^''-^Uh = doH. 

The fc — 1 adjoint structure J* allows to introduce the vertical differential 

operator in the exterior algebra A(T*'^M), [74]. 

Taking into account the operator of differentiation: 
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(4.3.9) 



we define the following operators: 

Clearly, these operators do, dk-2 and d do not depend on the transfor- 
mation of coordinates on the manifold T*^M . 

For any H G F{T*''M), doH, 4_2-ff are given by Theorem 4.2.2. do, 
dk-2 are the vertical operators of differentiation. 

They can be extended to the exterior algebra A(T*'^M) if we give their 
restrictions to A°{T*''M) and A^{T*''M). 

As we already have seen doH, dk-2H are expressed in (4.2.6) and dH is 
the differential of H. The restrictions to A}{T*'^M) are defined by 



(4.3.10) 



' c;«(dx^) = 0, da{dp.i) = Q, (a = 0, ...,fc-2), 

da{dy^^^') =0, (q = 1, fc - 2; /3 = 1, k - 1), 
, d{dx') = 0, d{dy^^^') = 0, d{dpi) = 0. 



In this case do, dk-2 and d are the antiderivations of degree 1. 

Proposition 4.3.2 The vertical differential operators do, dk-2 o-nd d have 
the property 

(4.3.11) doc o doc = 0, (a = 0, k-2), dod = 0. 

For instance, applying the exterior differential d to the 1-forms doH , diH, 
dk-2H, written in the form 

doH =pi dx^, 

(4.3.12) diH Jpl dx'+ fi dy^^)\ 



dfe_2-ff = Pi dx'+ Pi dy^^i' H h ft ^> 

with 

(o)_ (i)_ 9g (fe-2)_ dH 
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ddoH = d pj Adx^, 
(4-3.13) ddiH = d pi Adx' + d p] Ady^^">\ 

ddk-2H = d Adx' + d V ^dy^^^' + ---+dpl Ad?/('=-2)\ 

The previous formulae (4.3.12) are similar to the Jacobi-Ostrogradski formu- 
lae (2.4.2) from the Lagrange spaces of order k, L*^*^^". The equalities (4.3.13) are 
important in the geometrical theory of the Hamiltonians H{x, y^^\ y^''~^\p)- 

4.4 Canonical Poisson Structures on T*^M 

In this section we state that on the manifold T*''M there exists at least a Poisson 
structure. Let us consider the brackets: 

/A A ',\ ff\ df dg df dg 

(4-4.1) ^/'^>o = ^^-^^,/,5e.F(T M), 

(4.4.1a) 

Theorem 4.4.1 The bracket {•, ■}^, {a = k — 1) is a canonical Poisson struc- 
ture on the manifold T*^M . 

Proof: Indeed, remarking that with respect to a change of local coordinates 

on T*^M, ^ J ^ - ^r- has a geometrical meaning, it follows 
dpi 

1° For any f,ge F{T*^M), {f,g}k-i is a differentiable function on T**=M. 

2° {f,g}k-i = -{g,f}k-i. 

3^ {/, g}k-i is R-linear in every argument. 

4*^ The Jacobi identities are verified: 

{{/,.9}fc-i + {{5, + {{hJh-i,g}k-, = 0- 

Also we remark here 

5° {■,9h}k-i = {■,9}k-i h + Mfc-i 9- 
We can see, without dificulties that every bracket {/, gig and {f,g}^, {ct = 
1, fc — 2) verifies 2*^, 3", 4° and 5" but they do not satisfy the property l". 

The restrictions of these brackets to the special submanifolds immersed in 
T*'^M can induce Poisson structures. As we shall see in ch. 8, §3, the restriction 
of {f,g}o, f,g& J^C^o) to the submanifold Eq: 

So = {{x, 2/(1), y^''-'\p) e T(*^)M|2/(i)' = • • • = y^''-'^' = 0} 
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has this property. 

Using the notion of nonhncar connection TV, studied in chapter 6 of the 

S 5 

present monograpli, we can take an adapted basis — -, — rr'j i'^ = Ij •••j ^"2), 

and remarking that and (" = 1, k - 2), have 

geometrical meaning we can construct the following brackets: 

(4.4.2) 

We can check, without difficulties 

Proposition 4.4.1 Every bracket from (4-4-^) has the properties fi , ^, 5°, 5° 
from Theorem 4-4- 1- 

We shall see later that for some particular nonlinear connections, the brack- 
ets (4.4.2) have also the property 4°. 

4.5 Homogeneity 

The notion of homogeneity for the functions H(x,y^^\ ...,y'^^^^\p) defined on 
the manifold T*''M can be considered with respect to the vertical variables J/'^-**, 

y^'°~^-'*, as well as with respect to the momenta pi, respectively. 

Indeed, any homothety ha : T*''M T*'^M 

ha{xj'\y^'\...y'-'\p) = {x,ay('\a'y('\...,a'-'y('-'\p) 

is preserved by the transformations of local coordinates (4.1.2) on T*^M . 
Let Hy be a group of transformation on T*''M: 

Hy = {ha\a e R+} . 

The orbit of a point Uq = (xq, j/o^\ j/q'^ ^\p") by Hy is given by 
= xl, 2/(^)* = aj/p, yC^-^)* = a''-'y^,'-'^\ p, = p^ a S R+. 

The tangent vector at the point uq = /ii(wo) is the Liouville vector field F 

at a point uq: 



r K) = yr^Auo + V'^Auo + --- + {k- 1)?/^ 



Definition 4.5.1 A function H : T*^M R differentiable on T*^M and 
continuous on the null section of the projection tt*^ is called homogeneous of 
degree r €7i with respect to {y^^\ ...,y^''~^^) if 

(4.5.1) Hoha = a'H, Va e R+. 



The Geometry of the Dual of k- Tangent Bundle 



71 



Exactly as in the section 3.1, ch. 3, it follows: 

Theorem 4.5.1 A function H e J"(T*'=M), differentiable on T*''M and con- 
tinuous on the null section is r -homogeneous with respect to {y^-^\ ...,y^''~^^) if 
and only if 

(4.5.2) jC,_,H = rH, 

r 

fe-i 

where Ck-i is the Lie derivative with respect to the Liouville vector field T ■ 
r 

Evidently, (4.5.2) can be written in the form 

As is usually (sec Ch.3, §3.1) the notion of homogeneity can be extended to 
the vector fields on T*'=M^ 

A vector field X on T*'^M is r-homogeneous with respect to {y^^\ y^''~^^) 

if 

(4.5.3) Xoha = a'-'^hl o X, Va e R+. 
One proves [115]: 

Theorem 4.5.2 A vector field X S X{T*''M) is r-homogeneous with respect 
to {y'^^\ ...,y'^^~^^) if and only if 

(4.5.4) Ck_,X = {r-l)X. 

r 

k — l 

Of course, C^-iX = [ r 

^ d d d d 

Consequently, — , ^-^y-, •■•,^^(^, 9^ ''''' ° ' ^' ^ " ^' ° 

neous, respectively, with respect to {y^^\ ...,?/'-'^~^^). 
The following properties hold: 

1*^ If H is s-homogeneous and X G X{T*''M) is r-homogeneous, then HX 
is s + r-homogeneous, with respect to {y^^\ y'-'^"^^). 

2° If H is s-homogeneous and X G X{T*''M) is r-homogeneous, then XH 
is s 4- r — 1-homogeneous, with respect to (t/^^\ y^'^~^^). 

A g-form LV G A'^{T*^M) is s-homogeneous, with respect to {y^^\ ...,y^''~^^) 

if 



(4.5.5) ojohl = a^uj, Va e R+. 

As we know, [115] the following theorem holds: 
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Theorem 4.5.3 A q-form uj is s -homogeneous with respect to {y^^\ ...,y^^ 
if and only if 



(4.5.6) 



Ck-iUJ = sw. 
r 



The 1-forms dx\ dy<^^^\ dy^''-'^^\ dpt are homogeneous of degree 0, 1, 
A; — 1, respectively, with respect to {y^^\ ...,y'-''^^^). 

As we remarked above it is important to study the notion of homogeneity 
with respect to momenta. 

Let Hp be the group of homothety: 



where h'^{x,y(^\ ...,y(''-^\p) = {x,y'^'^\ ...,y^''-'^\ap). A function H e T*'=M, 

difFcrcntiable on T*''M and continuous on the null section of tt**' is homogeneous 
of degree r, with respect to the momenta pi, if 



In other words: 

(4.5.7a) Hix,y^'\...,y^''-'\ap)=a^Hix,y^'\...,y^''-'\p), Va e R+. 
We have, [115]: 

Theorem 4.5.4 A function H e T{T*^M), differentiable on T*^M and con- 
tinuous on the null section is r-homogeneous with respect to pi if and only if 

(4.5.8) jCc'H = rH. 

F) f-f 

But Cc'H = C*H ^p, — . 

op, 

Remark It is not difficult to see that if H is differentiable on T*^M , then 
the r-homogeneous function iJ is a polinom of degree r in the variables Pi. 

A vector field X e X{T*''M) is homogeneous of degree r if 



Theorem 4.5.5 A vector field X G X{T*''M) is r-homogeneous with respect 
to Pi if and only if: 




(4.5.7) 



Hoh'^ = a''H, VaeR+. 



Xoh'^ = a'-^h'* o X, Va e R+. 



We have 



(4.5.9) 



Cc*X = {r-l)X. 



The Geometry of the Dual of k- Tangent Bundle 



73 



This result implies that the vector fields — — , ^ . , ...,--^1 — 77-, — are 

1, 1, 1, homogeneous, respectively, with respect to pi. 

If H is s-homogeneous and X is r-homogeneous, then fX is s+r -homogeneous 
and Xf is s + r — 1-homogeneous, with respect to pi. 

For instance, if H{x,y^^\ ...,y'^^~^\p) is a function r -homogeneous with 
respect to pi, then 
dH 

1° — — is r — 1-homogeneous; 
dpi 

2° — — - — is r — 2 -homogeneous. 
dpidpj 

A g-form uj G A^(T**'M) is r-homogeneous with respect to momenta pi if 
woh'* = a''oj, VaeR+. 

It follows 

Theorem 4.5.6 A q-form oj is r-homogeneous with respect to pt if 

(4.5.10) Ccuj = roj. 

Consequently, dx^, dy^^^^, dy^^~^^^, dpi are 0, 0, 0, 1-homogeneous 
with respect to pi, respectively. 

Finally, we determine the degree of homogeneity of the function {f,g}k=i- 

Proposition 4.5.1 // / and g are r and s-homogeneous functions with respect 
to Pi, then the function {/, g}k-i is homogeneous of degree s + r — 1. 

For applications to the geometry of Cartan spaces of order k is important 
to have a special notion of homogeneity on the fibres of the bundle T*'^M. 
More precisely, the homothety 

ha : (a;,^^,...,^^^-!),^) eT*^M^ (x,ayW,...,a'=-iy('=-i),a'=p) eT^'^M 

is preserved by the transformation of local coordinates (4.1.2) on T*''M. 
Let Hy^p be the group of transformation on T*'^M: 

Hy,p = {k ■■ {x, y^'\..., y^''-'\p) ^ {x, ay^^\ a''-^y^^-^\a''p)\a e R+} . 

The orbit of a point uo = {xo,yo^\ —,yo'~^\p'^) by Hy^p is given by 

= 4, = ay«\ y^'-'^ = a'-^y^"-'^', p^ = a^pl \la € R+. 

_ fc-i 
The tangent vector at the point uq = hi{uo) is the vector field r +kC* at 

the point uo- 

'r (uo) + kC* (uo) = yl,'^' ^ |«o + • • • + - i)yt'^' Q^^ZTYi \uo + kpl 8^\u,. 
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Definition 4.5.2 A function H : T*^M R differentiahle on T*^M and 
continuous on the null section of the projection ir*^ is called homogeneous of 
degree r e Z on the fibres of the bundle T*''M if 

(4.5.11) Hoha = oTH, Va € R+. 
Applying the usual methods it follows: 

Theorem 4.5.7 A function H on T*''M, differentiahle on T*^M and contin- 
uous on the null section is r-homogeneous on the fibres of T*'^M if and only 
if 

(4.5.12) H = rH. 

r +kc* 

If we expand (4.5.12), we can write it in the form 
(^•^•12^) y^'^'d^i + • • • + (fc - ^)y^'-'^'g^, + kPi d^H = rH. 
A vector field X on T*'^M is r-homogeneous on the fibres of T*'^M if 



(4.5.13) Xoha = a''-^hloX, ya&R+. 
It follows 

Theorem 4.5.8 A vector field X e X{T*^M) is r-homogeneous on the fibres 
ofT*''M if and only if 

(4.5.14) Cu-i X = {r- l)X. 

r +kc- 

Of course, (4.5.14) can be given in the form 



(4.5.14a) 



fe-i 

r ,x 



+ k[C*,X] = {r-l)X. 



d d d d 

Corollary 4.5.1 f' The vector fields —— , — jr^- , .... — r, — tt- and 9*= — — 

are 1, 0, 2 — k, 1 — k homogeneous on the fibres ofT*^M, respectively. 

If H G F(T*^M) is s-homogeneous and X € X{T*'^M) is r-homogeneous 
on the fibres ofT*'^'M then 

a. HX is r + s-homogeneous; 

b. XH is r + s — 1-homogeneous. 

A g-form uj e Ai{T*''M) is s-homogeneous on the fibres of T*''M if 

u)ohl = a^u), Va e R+. 
The following theorem holds: 
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Theorem 4.5.9 A q-form oj G A3(T*'=M) is s-homogeneous on the fibres of 
T*''M if and only if 

(4.5.15) jCk-i w = SCO. 

r +fcc* 

Corollary 4.5.2 The l-forms dx\ dy'-^^\ dyC^-^^S dpi are 0, 1, k-1, 
k-homogeneous on the fibres ofT*''M. 

We will apply these results in the study of the homogeneity on the fibres of 
T*'^M of l-forms doH, dk-2H and, of course of the functions {/, S'}fe=i- 
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Chapter 5 

The Variational Problem 
for the Hamiltonians of 
Order k 



The theory of higher order Hamihonian systems and its apphcations in Analyt- 
ical Mechanics are consistent only if we study the variational problem for the 
differentiable Hamiltonians of order k, H{x,y'^^\ ...,y^''~^\p), [96, 98]. 

In this case the integral of action of H must be defined along curve c on the 
cotangent manifold T*M by 

^, . /"V dx^ 1^^, dx 1 d''~^x , 

A local variation of c is a curve c{ei,£2) which depend on a vector field 
V and a covector field r/j. The integral of action /( c(ei,e2)) depends on two 
parameters £i,e2. In order for the functional /(c) to be an extremal value of 
the functional /( c(£i,£2)) it is necessary that 



dI{c{ei,S2)) 



= 0, (a =1,2) 

ei=£2=0 



These conditions allow to determine the Hamilton- Jacoby equations (5.1.17). 

Introducing the higher order energies of H, £''^^{H), ...,£^(H), a law of 
conservation of the energy S^^^[H) is proved and a Nother type theorem is 
formulated. This theory is valid in the case when the order k is greater then 1. 



5.1 The Hamilton-Jacobi Equations 

A function H : T*^M R differentiable on T*^M and continue on the nul 
section is called a differentiable Hamiltonian of order k. It depends on the 
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variables (a;*, 2/^'° ^^^,Pi). So, it will be denoted by 

H{x,y(^\...,y(>'-^\p). 
Let us consider a curve 

c : t e [0, 1] ^ {x'{t),p^{t)) e f^, 

having the image in a local chart of the manifold T*M. The curve c can be 

analytically given by the equations: 

(5.1.1) x'=x\t), Pi=Piit), [0,1]. 

The extension c to the dual bundle T*^M is well determined. The extension 

V 

c is given by the equations 

x' = x\t), 

2/(«)^(t) = l^W,(a = l,...,fc-l), 

Pi=Pi{t), [0,1]. 

Also, we consider a vector field and a covector field rii{t) along curve 

c, having the properties: 

y^(0) = 1/^(1)= 0,77^(0) =77i(l) = 0, 

^(0) = ^(l)=0,(a = l,...,.-2). 

The variation c(ei,£2) of a curve c determined by the pair {y^(t),r}i{t)) is 
defined by 

x^ ^x\t)+eiV\t), 

(5.1.4) 

5i=Pi(i)+S2?7i(t),ie [0,1], 

where £i and £2 are constants, small in the absolute values, such that the image 

of the curve c(£i,£2) belongs to the same domain of chart on T*M as the 

y 

image of curve c. The extension of c(£i,£2) is the curve c (£i,£2) given by the 
equations: 

■n^ = x\t)+eiV\t), 
Pi=Pi{t)+e2r]i{t), f e [0,1]. 
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The integral of action for the Hamiltonian H{x, y^^\ y'^'^ ^\p) along curve 
c is defined, like an extension of the classical form, by 

(5.1.6) 7(c) [P^W^W-2^(-W'rf^(*)'---'(fc3I)I^W'K*))]rf*. 

dx^ 1 dx 1 d^~^x 

Evidently, pi— H(x, — r;——; — nP) is a differentiable Hamil- 

dt 2 ^ ' dt' ' {k-iy. dt^-^ 

tonian on the curve c. 

The integral of action 7(c(£i,e2)) is: 

(5.1.7) 

,-/ / ^^ f^r, ^ , dx dV. 1,,, ^ r dx dV. 

mei,e2)) = I [ip + e,rj)i- +£,-)- -//(. + e,V, - + e,,-), ... 

1 ,d''-^x d''-^V^ 
••■(fc^^^+"^di^^'^ + ^* 

The necessary conditions in order that /(c) is an extremal value of 
/(c(ei,£2)) are: 

1 «^ 9J(c(£i,£2)) I _ aJ(c(£i,£2)) , _ 

In our conditions of differentiability, using the equality (5.1.7), we get the 
equations: 
(5.1.9) 

L ^-^^^^^^^-2^^^^ +a^^ + -+ (fe-l)!a,(^-i)» df^-^ )^^^ = ° 
and 

(5.1.10) l\'^-\^^\mdt = ^. 

^ ' Jo dt 2dpi^ " 

So, we obtain: 



Theorem 5.1.1 The necessary conditions for I{c) to be an extremal value of 
the functional I {c{e 1,82) are given by the equations (5.1.9) and (5.1.10). 

The previous equations imply the Hamilton-Jacobi equations of the Hamil- 
tonian H . To prove this we need to introduce some new notions. 
Consider the following main invariants, [96]: 



(5.1.11) 



I\H)=C,H, P{H)=C,H,...,I^-\H)=C,.,{H), 
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in which C is the Lie operator of derivation and 



Qy{k-l)i- 



(5.1.12) l=yW^^-^+2y(^)^- ^ 



Qy(.k-2)i » Qy{k-l)i' 

'r'= + 2/'^'-^ + ... + {k- 1^=-^)^- ^ 



are the Liouville vector fields on the manifold T*'^M . Also, we define the in- 
variants: 
(5.1.13) 



Qy{k-l)i' 



Qy{k-2)t dy{k-l)i- 



4 W ^'Qy{l)^^ dt 5y(2)' "^'""^ (fc-2)! ayC^-i)*^- 

For y = — — , the invariants (5.1.13) are the same with the invariants 

dt ^ ^ 

I^{H), ...,I^^~^\H) along curve c. An important notation is as follows: 
(5.1.14) 

o dprl dH d dH k-i 1 d'^-i dH ^ 

Ei [H) = — + -[—r - — ^-TTT- + ... + (-1) 



dH dV dH 1 df^-^V dH 



dt 2^dx' dtdy(^^' < - > \ j {k - 1)\ dt''-'^ dyC'-'^)' ' 

o 

Later we prove that Ei (H) is a (i-covector field along curve c. 
By a straighforward calculus we can prove: 

Lemma 5.1.1 The following identity holds: 



dV^ ^^dH i dH dV' 1 dH d'^'^V^ 

(5.L15) = - E. mv + |fcv") - —vrm - + . 

Using the previous Lemma, we can prove: 
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Theorem 5.1.2 The equations (5.1.9) and (5.1.10) are equivalent to the equa- 
tions 



(5.1.16) I ^^(^)^'^^ = 0^i[f -^|^M^ = 0- 

Proof. By means of the identity (5.1.15) the equations (5.1.9) can be writ- 
ten: 



L 

\k-2 



\- k {H)v' + - i(4-^(if) - ^ j^iv-\H) + ...+ 
1 



+ (fc3T)!^^^)]}^* = 0. 

Integrating and taking into account the conditions (5.1.3) and the expression 
of the invariants (5.1.13) we obtain the announced result, q.e.d. 

Now, the equations (5.1.16) in which and ry, are arbitrary lead to the 
following Hamilton-Jacoby equations: 

Theorem 5.1.3 In order for the integral of action I{c), (5.1.6) to be an ex- 
tremal value for the functionals /(c(ei,£2)), (5.1.7) it is necessary that the curve 
c to satisfy the following Hamilton- Jacobi equations 

(5.1.17) 

dx' 1 OH 



dt 2 dpi ' 

dt 2^dx' dtdy^^)' ' ^' {k - l)\ dt^-^ dy^^-^)^'' 



dp, _ l,dH d dH ^ , ^ ^^fc-i) 1 rf^"^ dH 



where 

(5.1.17a) yW = ^,...,y('=-i)^= 1 



dt '■■■'^ (k-iy. dt''-^ ■ 

o 

Evidently, the second equation (5.1.17) is equivalent to Ei (H) = 0. 
Another important property is expressed in the following theorem: 

o 

Theorem 5.1.4 Ei (H) is a covector field. 

This result can be proved by a direct calculation. Another way is as follows. 
With respect to a change of local coordinates on T*^M we have 

/ Ei {H)V'dt - / Ei {H)V'dt = / [Ei {H)—^- Ej {H)]V^dt = 
Jo Jo Jo 

Since V'' is an arbitrary vector field we obtain 
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The previous property shows that the equation Ei (H) = has a geometrical 
meaning. 

5.2 Zermelo Conditions 

The integral of action (5.1.6) is defined for the parametrized curves c : t G 
[0, 1] {x'^{t),Pi{t)) e T*M. The problem is when it docs not depend on the 
parametrization of curve c. 

Consider a differcntiablc difFcomorphism t = t{t),t e [0,1] which defines 
a new parametrization of the curve c. If a = i(0), 6 = then c will be 

represented by 

c : te [a, b] {x\t),pi(t)) S r*M. 

In order that the integral of action 7(c) does not depend on the parametriza- 
tion of curve c is necessary that: 

dx'^ 1 ~ dE 1 d'^'^x dt 

ic^2\'\ dx^ dt 1 |- dx dt 1 d.dxdt 

^^'^'dt~2^^'''£di'2^.di^£di''---- 

1 d''-'^ dx dt 
{k-l)\dt''-^^'£di''^^' 

The previous equality holds for any diffeomorpfism t = t{t). 

If we take the derivatives of (5.2.1) with respect to ^ and take t = t we 
obtain 

dH 



f)TT 

If we take again the derivative of (5.2.1) with respect to and consider 
t = t we have 

(5.2.2a) o = yW^^+... + (fc-2)y('=-2)' 



And so on. 

Therefore we have: 



Theorem 5.2.1 The necessary conditions that the integral of action I{c), (5.1.6) 
does not depend on the parametrization of the curve c are the following ones: 



(5.2.3) I^-^{H) = H,I^-'^{H) = Q,...,I^{H) = Q. 
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Indeed, the equation (5.2.2) can be written a.s H = CiH = ^{H). The 
equation (5.2.2') is expressed by = C2H = I'-'^-'^^H), etc. Q.E.D. 

The equations (5.2.3) will be called the Zermelo conditions. They were 
introduced for the higher order Lagrangians by Kazuo Kondo [70] and are fun- 
damental for the definition of the Kawaguchi spaces [63] . 

These conditions are very restrictive for the Hamiltonians H. Indeed, let us 
consider the Hessian of H, with respect to momenta p,. It has the elements: 

(5.2.4) = 



2 dpidpj 

In next chapter we shall prove that g^^ is a tensor field and its is called the 
fundamental tensor field of the Hamiltonian H. 
Now is not difficult to prove the following result: 

Theorem 5.2.2 If the Hamiltonian H satisfies the Zermelo conditions (5.2.3), 
then its fundamental tensor g*-' has the properties: 

(5.2.5) Crg'^ = ... = C,.,g'^ = Q,C,.,g'^ = g'^ . 

r r r 

Proof. Remarking that the invariants I^{H) = CiH, = jCk-iH 

r r 

have the properties: 

QtQi ^ l(''-^'>{d'd' H),...,d'd' I\H) = I\d'd' H) 

and using the Zermelo conditions (5.2.3), it follows the equations (5.2.5). 

The first conditions (5.2.3), l'^~^{H) = H and theorem 4.5.1 allow to prove: 

Theorem 5.2.3 A necessary condition that the Zermelo conditions (5.2.3) be 
verified is that the Hamiltonian H is 1-homogeneous with respect to the variables 
yW\...,y(>'-^)\ 

Corollary 5.2.1 If the differentiate Hamiltonian H is not 1-homogeneous with 
respect to y^^^^ , ...,y^^~^^^ then the Zermelo conditions (5.2.3) are not verified. 

Corollary 5.2.2 // the differentiable Hamiltonian H is l-homogeneous with 
respect to y*-^-**, j/e^"^)* and 2-homogeneous with respect topi, then H is 2fc+l- 
homogeneous on the fibres ofT*'^M. 

Indeed, H = (l + 2k)H. 

r +kC' 

Corollary 5.2.3 // the differentiable Hamiltonian H has the properties: 

a. It satisfies the Zermelo conditions 

b. H is mk + 1-homogeneous on the fibres ofT*'^M, (m G Z), then H is 
m-homogeneous with respect to momenta pi . 

Remark 5.2.1 The Hamiltonian H = p^y^^^^ satisfies the Zermelo conditions 
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5.3 Higher Order Energies. Conservation of 
Energy S^-^{H) 

For a differentiable Hamiltonian H the following invariants are important, [98]: 

(5.3.1) 

£''-\H) = 



1 

\k-2 1 



1 Ik-2^H) + :J,4/'=-3(//) + + (-1)'=-^ -1—^I\H), 



£\H) = {-lf-'j^^l\H). 



The invariants £''~^ (H) , £''~'^ (H) , ...,£^{H) are called the energies of order 
k — l,k — 2, 1 of the Hamiltonian H, respectively. 

Their expressions justify the invariant character for each. And these energies 
are essential for studying the Nother symmetries of H. 

In order to prove the law of conservation for the energy £'^~^{H) we need 
some preliminary considerations. 

Lemma 5.3.1 If the differentiable Hamiltonian H has the property 
(5 3 2) dx^_ldH 



then we have 



^=2i,,(iJ)- + -[/^ \H)---I'^ ^H) 



(5.3.3) 

{k - 1)! 



Proof. The condition (5.3.2) implies: 
dH_dI£(y_ dl^dpi, _dl^dy^ dH 



dx^ dt dpi dt ^ay(i)' dt "' ^yC^-i)' ^ 

_ dp^dx' dH dx' dH dy'^^'i^ dH dy^'"'^^' 

ll~dt^^lhf~dt^ dy'^^)' dt + - + dt ^~ 



dV dH_dJ_ dH dy^^^' 
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dH dy^^-^'iK d dx\ 
+ 32/(^-1)* dt ^ + di^^V- 

dx^ dV* d'^x* 

Using Lemma 4.1.1 for y = — — , — — = , „ , ... the previous equality leads 

dt dt dt'' 

to the formula (5.3.3). Q.E.D. 

Now, we can prove without difficulties 

Theorem 5.3.1 If the differentiable Hamiltonian H satisfies the first 
Hamilton- Jacobi equations (5.3.2) then the variation of the energy of order k—1, 
gk-i^jj^ is given by: 



Clearly, this formula leads to an interesting result 

Theorem 5.3.2 Along every solution curve c of the Hamilton- Jacobi equations 
(5.1.17) the energy of order k—1, £''~^{H) , is conserved. 

Finally, we notice the following theorems: 

Theorem 5.3.3 If the differentiable Hamiltonian H verifies the Zermelo con- 
ditions (5.2.3), then the energies of H, £''~^{H), ...,£^{H) vanish. 

Theorem 5.3.4 // the differentiable Hamiltonian H verifies the Zermelo con- 
ditions (5.2.3), then along any curve c which satisfies the first Hamilton- Jacobi 
equations (5.1.17) we have 

° , dx" 

5.4 The Jacobi- Ostrogradski Momenta 

The theory of Jacoby-Ostrogradski momenta of the Lagrangians of order k, 
briefly presented in the Chapter 2, can be extended to the Hamiltonians of 
order k. 

Indeed, from (5.3.1) we see that the energy of order fc — 1, £'^~^{H) is a poly- 

dx'^ d^~^x'^ 

nomial function of degree one in the higher order accelerations — — , — -; — 
So, we have 



dx' d^ 



(5.4.1) £'^-^{H) = + ... - H 

A straighfoward calculus shows that ■■■,P(k-i)i are given by 
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(5.4.2) 



dH I d dH , _._2 1 df'-'^ dH 



2! dt ^ ' {k - 1)! di'=-2 ^yC^-i)* ' 

1 1 d dH , 1 ai? 



2!ay(2)' 3!rfiay(3)' ' - ' ^ ^ (fc - 1)! ayC^-i)' ' 



_ 1 aij 

The entries are called the Jacobi-Ostrogradski momenta of 

the Hamiltonian H. 

Using the rule of transformation (4.1.4) of the natural basis of the mod- 
ule A'(T*'^M) and the definition (5.4.2) of the Jacobi-Ostrogradski momenta 
•••,P(fe-i)» we obtain 

Proposition 5.4.1 With respect to the transformations of local coordinates 
(4.1-2) on the manifold T*'^M the Jacobi-Ostrogradski momenta 
P(i)i) ■■■■>P{k-i)i O'T^ transformed as follows: 

QyWm ^ ^~(fc-l)m^ 
PWi = -g:^P{l)m + - + P{k-l)m, 

gyi'2)m ^ ^~(fc-l)m^ 
(5.4.3) p(2)i = ^-^p(2)„ + ... + P{k-l)m, 



Let us consider the following 1-form fields on T*^M : 

P(i) = Pii)idx' + P(2)irf2/(i)' -I- ... P(fe-i)i(iy(*"^^', 
(5.4.4) p(2) = P{2)idx' + p^3)idy^^^' + .-+ P{k-i)idy^''~^'^\ 

P(k-i) =P(k-i)idx\ 

Proposition 5.4.2 With respect the transformations of coordinates on the man- 
ifold T*''M we have 



(5.4.5) P(Q)=P(a), (a = l,...,fc- 1). 

Indeed, (5.4.3), (5.4.4) and (4.1.6), have as consequence the equalities (5.4.5). 
The relations between the momenta and the Jacobi-Ostrogradski momenta 
are given by: 
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Lemma 5.4.1 The following identity holds: 

Indeed, (5.1.14) and (5.4.2) imply the last equality. Now, we can formulate 

Theorem 5.4.1 Along the solution curves of the Hamilton- Jacobi equations 
(5.1.17), the following Hamilton- Jacobi-Ostrogradski equations hold: 

dS^-HH) d"x' , ^ , 
~« — (a = l,...,fc- 1), 

dp(a)i dt" 

(5.4.7) de^-^{H) ^ _ dp^i)i ^ ^ dpi 

dt dt ' 

dt ^ ' 

Proof. The energy £^~^(H), (5.4.1) can be written in the form 

(5.4.8) e'^-^H) = + 2!p(2),2/(2)i + ... + (fc _ l)!p(fe_i),2/('=-i)' - H, 
where 



(«)» ^ ^r_::_ (^ = i, k - 1). 



1 



! dt 



Therefore the equations (5.4.7) i and (5.4.7)3 hold. In order to prove (5.4.7) 

2 we remark that (5.4.8) implies ——. = —7-^ and using Lemma 5.4.1 we 

ox^ ox^ 
obtain the equations (5.4.7)2 .Q.E.D. 

^From Lemma 5.4.1 we deduce also 

Theorem 5.4.2 Along the solution curves of the Hamilton- Jacobi equations 
(5.1.17) we have 

dx^ _ldH dpi _ IdH I dp^m 
^ ' ' ^ dt 2dpi' dt 2dx' 2 dt ' 

5.5 Not her Type Theorems 

In this section we will define the notion of symmetry of a differentiable Hamilto- 
nian H and will prove two Nother type theorems, using the model of symmetries 
from the Lagrangian theory, (Ch.2). 

Consider a differentiable Hamiltonian Hq with the properties: 



(5.5.1) 
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Proposition 5.5.1 If Hq is a differentiable Hamiltonian, having the properties 
(5.5.1), then the following identities hold: 



d dHo d dHo 



(5.5.2) 



dpi dt dt dp, 

a dHo _ d dHo 
dx* dt dt dx^ ' 

d dHo _ d dHo dHo 
dyi^'fi IT ~ did^ ^ 

d dHo d dHo , ^ dHo 



dyi^)^ dt dtdy(^)^ dy(^)^' 

d dHo d""dHo"""'''^ dHo 
+ (k - 2) ■ 



dy{k-2)t Qy{k-2)i V I Qy{k~i)t ' 

d dHo dHo 

(fc-1) 



ay^'^-i)' dt ~ ^ ' ■ 
Indeed, along curve c : i e [0, 1] {x\t),pi{t)) € T*M we have 

dt ~ dxi^ + + ^) Qyik-2)^V 

By a straightforward calculus we deduce the previous identities. 

Proposition 5.5.2 // Ho is a differentiable Hamiltonian which satisfies the 
equations (5.5.1), then the following identities hold: 



}l^(H+^) = - — 
2dpi dt ' 2dpi' 

(5.5.3) 

Ei {H+^)=Ei (H). 
Indeed, taking into account the proposition 5.5.1 and the expression (5.1.14) 

o 

of the covector Ei (H) we have (5.5.3) i and 

° dHo, o 1, d dHo d d dHo 

l^^dHo, I f ..k-i 1 d'^-' d dHo o 
2\dt^dy^^)' dt " ^ ' (fc- l)!(iifc-i dt ^ 



Now, it is easy to prove 
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Theorem 5.5.1 Hq being an arbitrary differentiable Hamiltonian with the prop- 

dH 

erties (5.5.1), then the Hamiltonians H and H+—^ have the same Hamilton- 
Jacobi equations: 



dx' IdH o ^ ^ 
^'■'■'^ -dt=-2W.^ ^'(^) = 

Indeed, (5.5.4) are the consequence of the equations (5.5.3) Q.E.D. 
Corollary 5.5.1 If is an arbitrary differentiable Hamiltonian with the 

properties „ ^ . = 0, = 0, then the integrals of action: 



(5.5^5) /(c). / <^,i±-m,,%....^g±.m 







and 



(5.5.6) 



IdHo^ dx 1 d'^-'^x. 



2 rfi"^^' dt'-' (fc-2)! dt'^-^^^'^* 

determine the same Hamilton- Jacobi equations (5.5.4)- 

Be means of the previous result we can formulate 

Definition 5.5.1 A symmetry of the differentiable Hamiltonian H{x,y'^^\ 
y^''~^\p) is a C°° -diffeomorphism : T*M x R ^ T*M x R which preserves 
the variational principle of the integral of action, expressed in the Corollary 
5.5.1. 

We consider the local symmetries only. Therefore we study the infinitesimal 
symmetries defined on an open set 7r*^^(C/) x (a, 6) in the infinitesimal form: 



x'\t') =x\t)+eiV\t), 
(5.5.7) Pm=Pi{i) + S2Tli{t), 

t' = t + ein{t)+e2T2{t), 

where £1,62 are real numbers, sufficiently small in absolute values so that the 
points {x,p,t) and {x',p',t') belong to the same set tt*~^{U) x (a, 6), where the 
curve 

c:i e [0,1] ^ {x\t),pi{t),t) e7r*-\U) x (a,6) 
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is given. By V^{t) wc mean a veetor field V*(x(t)) and rii{t) denotes a covector 
field r]i{x{t)), along c. The pair {V^ {t) , rii{t)) satisfies (5.1.3) and the differen- 
tiable functions Ti{t), T2{t) satisfy the conditions Ta(0) = ra(l) = 0, (a = 1, 2). 

In the following considerations the terms of higher order in ei,e2, will be 
neglected. 

The infinitesimal transformation (5.5.7) is a symmetry of the differentiable 
Hamiltonian H{x,y'^^\ ...,y'^^~^\p) if for any differentiable Hamiltonian 
Ho{x,y^^\ ...,y'^^~'^^) the following equations hold: 



bj dec 1 , / dx 1 d tjc /\i T / 



(5.5.8) 



dt' 2 

dx' 1 



dx 



{k-l)\ dt' 



1 d 



k-l 



1 dH^ dx 

2~dr^'^' ' (A: -2)! 



{k-l)\dt^- 

1 d''~'^x., , 
-)]rfi. 



From (5.5.7) we deduce 



— - 1 + s — +s — 
dt dt dt ' 



where 



(5.5.10) 



dk-^x'i d^-'^x' ,d^-'^V^ , , 
-dt^ = -dt^ + ''^^t^ - '^"-'^ + 



• dx^ dri 
^ 'dt~dt' 



(2 



d^x^ dri ,2\ d'^^ '^^'''1 



df^ dt dt df^ 



,A _ (k-i\ d^_^dTi 



+ it-l) 



dt^-^ dt ' dt^-^ df' 

dx"- d''~^Ti 
'dt~dF^ 
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and similarly, for 



^ dt dt' 



(5.5.10a) 



,T,i _ ^fc-n d''-'^x' dT2 d''-^x' dVa 

^^=-1 - U ) ^^k-l at +{2 ) dt^ + ■ 

^ ^''-''^ dt dt^-^ ■ 



The previous formulas are proved starting from (5.5.7) and taking into ac- 
count the following expressions: 

dx'' _ fdx^ dV^\ dt _ fdx' dV'\ f dn _ dra 



dx' , fdV' A ^ 

By means of the formulas (5.5.9) the equality (5.5.8) becomes: 

„dx' fdV' A 1. ^(Ix (dV 

W^. + [-dt^ ~ "^'-^ ) - j + 

rfri dT2\ dx^ 1 dx 1 d.'^^^x 

^ + ''^+''^)=P'^~ 2^^^' -dt' -' (fc - 1)! dt''-^ - 

2~dr^^' dt''"' (fc-2)! dffe-2''- 



Using the Taylor expansion with respect to Si,e2 and neglecting the terms 
of higher order in £i, £2 we obtain 

dV _l dH . OH dV' 1 dH d'^'^V 

^'~dt~rd^ ^ dy^^)i dt '■■■' (fc-l)!^^^^-!)' dt^-^ 

1. dH ^ I dH ^ 1 dH i . 

^'•'•"^ +2^0^'^' + 2! + - + (fe-1)! 5,(^-1)^ '^^-^]- 
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and 



(5.5.11a) 



dt 2dpi)'^'^ 2 ^dyW' ^ ^ 2! 2 + - 



■■■ (/c-l)! 2 
where 

(5.5.12) + £2*2 = -ffo 

As a consequence we have that the functions $i and $2 are depending 
only on the variables (a;%j/(^^', ?/^'^~^^') and, of course, these can be arbitrary 
chosen. 

Taking into account of Lemma 5.1.1 and remarking the identity 
dH i 1 dH . 1 dH . 

^ 2! a^"^^ ^ ■■■ ^ (fc- i)!ai/(fe-i)''^'=-' ~ 

and similar identities for and T2, the equations (5.5.11) and (5.5.11') can be 
expressed more simple. 

Proposition 5.5.3 The equations (5.5.11) and (5.5.11') are echivalent to 



(5.5.13) , , 

2^^^ ^^^+2!^^ + - 

■■■^ (yfc-l)! di'^-i ^ 2 dt 2 dt 



da;* 19Jy, , If'^^s . ld^T2^_2, . 

1 r^^T-2 ld$2 



(5.5.13a) 



■■■^ (A;- 1)! dt'^-i '^'^'^^^ 2^dt 2 dt 
Now, we can prove by a straightforward calculus 
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Lemma 5.5.1 The following identities hold 
(5.5.14) 

+ (o = l,2). 

In the previous equality £''~^{H), ...£^{H) are the energies of order (A; — 1, ...1) 
respectively, expressed in (5.3.1). 

Theorem 5.5.2 For any infinitesimal symmetry (5.5.7) the left hand sides of 
the following equalities do not depend on the variables j/f'^"^)* and momenta pi. 
(5 5 15) 

—£ (H) + ... + (-1) m - -—. 

dx' IdH 1 d£>'-\H) Id dT2,_, 



+ (-1)' 



,_2 d'^-^SHH) ^ 1 d$2 



Proof. Indeed, the equalities (5.5.15) result from proposition 5.5.3 and Lemma 
5.5.1. But the functions $i and $2 satisfies the conditions 

o^a =o,^=0,(a=l,2)Q.E.D. 



Now, we can prove a Nother type theorem: 

Theorem 5.5.3 For any infinitesimal symmetry (5.5.7) of a differentiable Hamil- 
tonian H{x,y^^\ ...,y^^~^\p) and for any differentiable functions $i,$2 

with the properties ,, = — — = 0, (a = 1,2), the following functions 

.Ff (i?, i>i),.F2 (-ff, $2) are conserved along the solutions curves of the Hamilton- 
Jacobi equations 

dx' IdH o 
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(5.5.16) 

+i[n£:^-i(if) - ^£'-\H) + ... + (-1)'=-^ ^^'W 

$2) = r^S'-HH) - ^S'-'iH) + ... + (-1)'=-^ ^S^H^?) - *2. 

Proof. Taking into account the Theorem 5.5.2 and the expression of the 
function Ti{H, $i) and J^f (-'^i ^2) it follows that the following equations hold: 

^~dt 2df/'^' ~ 2 Jt 2^^ Jt ■ 

According to the Hamilton- Jacobi equations (5.1.17) and the law of conservation 
of energy £'^~^{H), the last equations (5.5.17) implies 

dt ' dt 

The functions J'f(if, $1) and J'2(i?, $2) depend on the invariants Iy{H), 
...,/^-i(i7), the energies of order l,...,fc- 1, S^iH), ...,£''-^{H) and the arbi- 
trary functions ^aix, y'^^\ y^*^"^^), (a = li 2). 

In particular, if the Zermelo conditions (5.2.3) are verified then the ener- 
gies £^{H), ...,£''~^{H) = 0. Assuming $2 = 0, the previous Nother Theorem, 
becomes: 

Theorem 5.5.4 For any infinitesimal symmetry (5.5.7) of a differentiable Hamil- 
tonian H{x,y^^\ ...,y^^~^\p) , which satisfies the Zermelo conditions (5.2.3), 
and for any differentiable function $(x, y^^~^^) , along the solution curves 

dx^ 1 dH o 

of the Hamilton- Jacobi equations —— = , Ei (H) = 0, the following func- 

dt 2 Pi 

tion is constant: 



THH,^)=PiV^ - li^-HH) - ^^^^^ + ...+ 

(5.5.18) 

+(-1)-^— + 

^ (fc-l)! rfi'=-2 ^^J- 

The theory from this chapter will be applied to the geometrical study of the 
Hamilton space of order k. 



Chapter 6 

Dual Semispray. Nonlinear 
Connections 



The notion of semispray from the geometry of higher order Lagrange spaces has 
a dual correspondent in the geometrical thciory of the Hamilton spaces of order 
k. The same remark is true concerning the concept of nonlinear connection 
which is canonical related with that of semispray. 



6.1 Dual Semispray 

Definition 6.1.1 A dual k-semispray on T*^M is a vector field S G X{T*''M) 
with the property 

(6.1.1) JS=t\ 

k-l 

where T is the Liouville vector field 
(6.1.1a) V=ya)*^^+... + (/e-l)2;('=-i)'- ^ 



gy{l)i ' ^ Qy{k-l)i- 

We have: 

Proposition 6.1.1 A dual k-semispray S can be locally represented by 
(6.1.2) 

s = ,a)^^ + 2,(^)^^ + ... + (. -i),(-)^^+ 

+ fce(:r,yW,...,y('=-i),p)^-|3^+ry,(x,2/(i\...,y('=-i),p)A. 

Indeed, S from (6.1.2) satisfies the equation (6.1.1) for an arbitrary sys- 
tem of functions {^'} and {rn} {i = 1, n), J being the k — 1-tangent 
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endomorphism (§4.3). The systems of functions (x , y'^^\ . . . , y^'' ^\p)} and 
{r]i{x,y'^^\ ...,y^''~^\p)] are called the coefficients of the dual k-semispray S. 

Since S is a vector field on T*''M it follows that the functions ^' and r]i, 
defined on every local chart of the manifold T*''M are important geometrical 
object fields on the manifold T*^M. 

So, we have 

Theorem 6.1.1 With respect to the transformation (4-1-2) of the local coordi- 
nates on T*''M, the systems of functions {^'} and {r]i} transform as follows: 

Proof: S being a vector field, from (6.1.2), (4.1.4) we have: 

5_ (i)*!^^" ^ dy^-^^"" d ay(fe-i)'" d dpm d \^ 

~^ \ dx"^ dx"^ ^ 5a;» dyW"^ dx^ dx^ dpm J 



g~{k-l)m Q Q^i Q 



+ 



Qy{k-l)i Qy{k-l)m '^dx-^dpm' 



Taking into account (6.1.4) one obtains: 
S = y(i)-_^+2y(2)™_^^ + ... + (fc_i)y('^-i)- ^ 



+ [y 



dx"^ cJyCs-s)™ 



Qy{k-l)i J Qy(k-l)m y Q^i "dx^^J dpm' 

Now, writting S' in the form 

S = y(i)m_^ , 2^(2)"^ ^ + • • • + 



dy(k-2)m ay(fe-l)m 9p„ 

and identifying with the previous expression of S we obtain the relations (6.1.3) 
and (6.1.4). q.e.d. 
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Theorem 6.1.2 If on every domain of local chart of the manifold T*^M the 
systems of functions {^*} and {rn], (i = 1, n) are given, such that, with 
respect to (4-1-2) the formulae (6.1.3) and (6.1.4) hold, then S from (6.1.2) is 
a dual k-semispray on T*''M. 

The proof follow the usual way, [115]. 

Proposition 6.1.2 The integral curves of the dual k-semispray S, from (6.1.2) 
are the solution curves of the system of differential equations: 

= (.■e(i,9m,.^.,j<'-«,p), ^ = ,.(i,9«,.^.,9<«-'>,p). 

Notice that this system is equivalent to the following: 



(6.1.5a) 



''^^=,,(1) i^=,,(2) 1 d'' ^x' _ (fc_i)^ 

dt ^ ' 2! dt-' ^ ' (fc - 1)! rfi^-i ^ 



1 d^x' dx 1 d^-^ 



X 



k\ dt'' ^ ^ ' dt''"' {k-l)\ dt''- 
dpi dx 1 d'^'^x 

— = ni(x, — , rf^fc-i'W- 

The problem of integration of this system of differential equations is solved 
by usual methods. The solutions {{x^ (t) , pi{t)) , t e (a, 6)} are curves on the 
cotangent manifold T*M. 

Concerning the homogeneity of S, we see that every term which does not 
include ^* or rji has the degree of homogeneity 2 on the fibres of T*'^M. Therefore 
we have: 

Proposition 6.1.3 The dual k-semispray S, from (6.1.2) is 2-homogeneous on 

the fibres of T*'^M if and only if the coefficients ^' are k-homogeneous and rji 
are k + 1-homogeneous on the fibres ofT*'^M. 

A dual fc-semispray S, 2-homogeneous on the fibres of T*''M is called a 
k -spray. 

Remarking that the rule (6.1.3) of transformation of the coefficients ^' of a 
A;-semispray S is same rule with that of the coordinates ?y(*^)' on the total space 
of bundle of accelerations T''M we can give a remarkable geometrical meaning 
of the coefficients ^': 

Proposition 6.1.4 Every dual k-semispray S on the manifold T*''M with the 
coefficients (^%77i) determine a bundle morphism 

^ : {x, 2/(1) , y^''-'\p) e r*'=M ^ {x, , y^''-'^ , y^^^) e T^M 
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defined by 
(6.1.6) 

Moreover, the bundle morphism ^ is a local diffeomorphism if and only if 



rank 



Qi ^3 



= n. 



Indeed, the mapping ^ : T*'^M T'^M does not depend on the transforma- 
tion of local coordinates. It is local invertible if and only if 

Q.E.D. 



rank 



= n. 



Wc shall sec in Chapter 8, that the bundle morphism ^ defined in (6.1.6) is 
uniquely determined by the Legendre transformation between a Lagrange spaces 
of order k, L('^)" = (M, V) and a Hamilton spaces of order k, 

ij(fc)" = {MM). 

Consequently, if the bundle morphism ^ from (6.1.6) is apriori given we can 
consider the dual fc-semispray 
(6.1.7) 

(l)i ^ - '''1' ^ ■ d , , d 

dx'' 



In this case 5^ is characterized only by the coefficients rii{x,y^ ', ...,y^ ' ,p). 

The values of 1-forms doH, dk-2H from (4.3.14), (4.3.5) on the vector 
fields S'j are as follows: 



(0) 



(6.1.8) d^H{S^)Jply^^)^ + 2ty^^^\ 



d,.,HiS^) J'pP yd)' + 2 %P + . . . + (k - 1) ^p} y(^-^)\ 

These scalar fields does not depend on the coeflScients ^* and r]i of S^^. Also 
the 1-form dH leads to the formula 



(6.1.8a) 



dH 



f)TT 



The existence of a fc-semispray on the manifold T*'^M is assured by the 
following theorem 

Theorem 6.1.3 If the base manifold M is paracompact, then on the manifold 
T*'^M there exists the dual k-semispray S^, with apriori given bundle morphism 
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Proof: Assuming that the manifold M is paracompact by the Theorem 
4.1.2, the manifold T*^M is paracompact, too. We shall see (Ch. 8) that a 
bundle morphism ^, defined in (6.1.6) exists. Now, let Jijix), x G M, be a 
Riemann metric on M and 7jfe(a;) its Christoffel symbols. 

Setting 

(6.1.9) v,=j},S^)p,y('^'^ 

we can prove that the rule of transformation of the system of functions {r]i}, 
with respect to (4.1.2) is just (6.1.4). Applying Theorem 6.1.2 we obtain a 
fc-semispray 5'j, with the coefficients rji. 

Another properties of S are given in §4.3. We have 

''f ^= js, ''r^= j'^s, r= 



6.2 Nonlinear Connections 

The notion of nonlinear connection on the total space of the dual bundle 
{T*''M,Tr*'',M) can be introduced by the classical method, [115]. 

Deflnition 6.2.1 A nonlinear connection on the m,anifold T*^M is a regular 
distribution N on the T*^M supplementary to the vertical distribution V , i.e 

(6.2.1) Tu{T*''M) = Nu® Vu, Vu e T**=M. 

Taking into account the Proposition 4.2.1 it follows that the distribution N 
has the property 

(6.2.1a) TuiT*''M) = 7V„ Wk,u- 

d d 

Locally Vi is generated by the system of vector fields (^— p^,..., ^ (fc-i)t ) 

d 

and Wfe is generated locally by (— — ). 

dpi 

( d d 

As usual, we shall write these systems of tangent vectors ( ^ , . . . , ^ 

(1) (fc-l) Q 

as [di,..., di ) and (— — ) as (9^), respectively. 
opi 

It follows that the local dimension of the distribution iV is n, local dimension 
of the distribution Vi is {k — l)n and that of distribution Wk is n. 

Consider a nonlinear connection N on T*^M and denote by h and v the 
projectors determined by direct decomposition (6.2.1). Then we have: 

h + v = Id,h^ = h,v^ = V, hv = vh = 0. 

As usual we denote 

(6.2.2) X" = hX, = vX, \/X e X{T*''M). 
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A horizontal lift, with respect to iV is a jr(M)-linear mapping 
Ih : X{M) X{T*''M) which has the properties 

volh =0, d-K*^ olh = Id- 

There exists an unique local basis adapted to the horizontal distribution N. 
It is given by 

(6.2.3) ^ = /.(^),(. = l,...,n). 

The hnearly independent vector fields — ^, (i = l,...,n) can be uniquely 
written in the form: 



S d Art ^ Art ^ AT ^ 



The systems of functions N-,..., N- ,Nij are called the coefficients of the 

(1) (fe-i) 

nonlinear connection N. 

They determine an important object fields on the manifold T*''M. Indeed, 
a change of local coordinates (4.1.2) and (6.2.3) imply: 

S dx^ S 
6x^ dx^ Sx^ ' 

since 

5 , , / ^ I X , ,dx^ d . .dp S . *k/ \ 

^ k = U) = = i^i^)u^- = - H- 

It is not difficult to prove that the formula (6.2.5) has the following conse- 
quence: 

Theorem 6.2.1 1° . With respect to changes of coordinate on T*^M, (4-1.2), 
the coefficients of a nonlinear connection N are transformed by the rule 
(6.2.6) 



dx^ dx"^ dx^ ' 



(2) dx^ ^2^j dx"^ ^j'j ax™ dxi ' 

^ , j^m ^ , , jV™-^ — 

(fe_l) Ca;-' (fc.i)^^; {k-2) (1) 
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S^. Conversely, if the system of functions { N-,..., Nf ,Nij) are given on 

(1) (fc-i) 

every domain of local chart of the manifold T*'' M such that the equations (6.2.6) 
are verified, then { N- N- ,Nij) are the coefficients of a nonlinear connec- 
(1) (fe-i) 

tion N on T*^M. 

The {k — l)-tangent structure J, defined in the section 3, ch.4, maps the 
horizontal distribution N into a vertical distribution iVi = J{Nq), Nq = N 
which is supplementary to the distribution V2 in V\. If we continue this process, 
we obtain: 

No = N,N, = J{No),N2 = J^No),...,Nk-2 = J*-'(A^o), 

(6.2.7) 

Vk = J>'-\No). 
Therefore, we have the direct sum of vector spaces: 

(6.2.8) = 7Vi,„ e N2,u e ... e Nk-2,u e i4-i,„, Vm e t*'=m 

and 

(6.2.8a) Vu = Ni^u ® N2,u 6 ... 8 Nk-2,u ® Vk-i,u 6 Wfc,„,VM e T*'=M. 
Taking into account the formula (6.1.1), we get: 

Theorem 6.2.2 1°. A nonlinear connection N on the manifold T*^M gives 
rise to the direct sum of linear spaces for the tangent space T„(T*'^M) : 

(6.2.9) T^{T*^M) = No,u ® Ni^^ 6 ... 8 Nk-2,u ® Vk-i,u ® Wfe,„, Vu e T**^M 
S^. The adapted basis of every term of the previous direct sum, respectively 

is: 



(6.2.10) 



iVf „ iVf 



Sy{k-l)i ~ Qy{k-l)i' 



_S___d_ 

5pi dpi ' 

Proof: 1°. The direct sum (6.2.9) is obtained from (6.2.1) and (6.2.8'). 

S S 

2°. J{-—^) = . is obtained by means of the definition of the fc— 1-tangent 

S 6 

structure J. Also, , , . — J( ,■,■.■ ), leads to the formulae (6.2.10). 

oy^ >^ oy^ 1^ 

Remarking that (6.2.5) holds, it follows: 



102 



THE GEOMETRY OF HIGHER-ORDER HAMILTON SPACES 



Proposition 6.2.1 Under a change of local coordinates on T*''M, the vector 
fields of the adapted basis: 

, , , 5 5 6 5, 

transform by the rule: 

S dx^ 5 5 dx^ 5 



5xi dx^ 5x3 ' Sy{i)i dx^ 5y^^)i 

(6.2.11a) 

S dx^ 6 (5^ S 

gy{k-l)l Q^l §y(k-l)j ' g^j 

According to (6.2.8') the vertical projector v is expressed by means of the 
projectors Vi, ...,Vk-i,Wk determined by the distributions Ni, N2, Nk-2,V'k 
and Wfc as follows 

V = Vl + V2 + ... + Ufe-1 + Wk- 

If we consider also the horizontal projector h, determined by the distribution 
N = No we have, for a = 1, k — 1 

(6.2.12) h + vi + ...+Vk-i+Wk= Id, 

h =h, V„= Va, Wk = Wk, 
ho Va = Va O h = 0, h O Wa = Wa ° h = 0, Vp O Va = Va O Vff = 0,a ^ 13. 

As usual we put: 

(6.2.13) X" = hX, = VaX, X^" = WkX, VX e X{T*''M). 
In adapted basis we get 

(0) A (") A f) 

(6.2.13a) X" =X' -— , X^" =X' — X^^ = X~, (a = 1, k - 1). 

Therefore, the formulae (6.2.11') show that one has 

Proposition 6.2.2 With respect to (4-1-2), the coordinates of the vectors X^ , 

are changed by the rule: 

(0) (0) (a) (a) _ ^ j 

(6.2.13b) X'= ^ X\ X'= ^ X\ Xi = ^X.. 

^ ^ dx^ ' dx^ ' ' dx' ^ 

The following result is important: 

Proposition 6.2.3 1° . The distribution Nq is integrable if and only if for any 
X,Y e X{T*''M) : 

[X^,y^]^"=0, [X",Y"]^'' =0, (a = l,...,fc- 1). 
2^. The distributions Ni, Nk-2 are integrable if and only if 

for a = 1, k — 2, p ^ a, P = 1, k — 1, respectively. 
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Indeed, the previous equations appear if we express that [X^ ,Y^] is a. vector 
field which belongs to the distribution Nq, [X^" jY^"] is a vector field which 
belongs to the distribution Na, for a = 1, .., fc — 2. 

Notices that the distributions Vfc_iand Wk are integrable. q.e.d 

d 

The notions of ft,-lift, i^-lift or w^-lift of a vector field X = X^fa;)^-— <E 

X{M) are not difficult to define. If Ih is the horizontal lift to A^O) Iva are the 
lifts to Na and Iv^-i is the lift to Vfe_i, then we have 

(6.2.14) X" = l,X = X\x)^,X^- = U^X = X^ (x) ^ 

at the point u e T**=M, Tr*''{u) = x. 

In the case of an 1-form uj = ijji{x)dx^ from X*{M) the lift l.u,^{iS) to the 
distribution Wk can be defined, at every point u G T*'^M, with it*'^{u) = a:, by 

(6.2.14a) uj^'' = ly,cLO = ujid' . 

6.3 The Dual Coefficients of the Nonhnear Con- 
nection N 

Throughout this chapter, we consider the coefficients (iVj, N^^ of the 

(1) (fc-i) 

nonlinear connection N. By means of these coefficients, the vector fields from 
the adapted basis (6.2.11), are expressed . The dual basis of (6.2.11) will be 
denoted by 

(6.3.1) iSx\Sy^'^\...,Sy^''-'^\5pi). 

Remark that the coefficients of the basis (6.3.1), called the dual coefficients 
of N, are expressed by the coefficients of the nonlinear connection but are not 
coincident with them. 

First of all, the conditions of duality between the adapted basis (6.2.11) and 
its dual basis (6.3.1) impose the following form of the 1-form fields (6.3.1) 

Jx* = dx^, 

(1) 

(6.3.2) 

Sy{k-i)i = + Midy^^-'^'^^ + ... + Mj + Mj dx^ , 

(1) (fe-2) 

5pi = dpi — Njidx^ . 
We obtain, without difficulties, [115] 
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Proposition 6.3.1 The dual coefficients (Afj, M* ,Nji) are uniquely deter- 

(1) (fe-i) 

mined by the coefficients (AH,..., AH ,Nij) through the following formulae: 

(1) (fe-i) 



Mj = iVj, Mj = AH + iV^^Mj" 

(1) (1) (2) (2) (1) (1) 

(6.3.3) 



M] = Af] + Mp + ... + N^Mp. 

(fe-l) (fe-l) (fe-2) (1) (1) (fe-2) 



The same formulae determine the coefficients {Nj, Nj , Nij) as functions 

(1) (fe-l) 

by the dual coefficients. 

These two dual basis (6.2.11) and (6.3.1) and the Proposition 6.1.1 lead to: 

Proposition 6.3.2 // we change the local coordinates on T*^M , then the 1- 
form of dual basis 

{Sx\5y^'^\...,Sy^''-'^\5pi) 
are transformed as follows: 

(6.3.4) 



Evidently, the properties (6.3.4) imply some special rules of transformation 
of dual coefficients. In this respect we remark the formulae, which can be easily 
deduced 

+ M^—-— + ...+ M/ 



(6.3.5) 



dyWi SyWi ^,]5y(^)i - ^k-2)^y^''-'^^ ' 

d___5_ 
dpi 6pi ' 
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and 

rfa;' = Sx\ 

(1) 

(6 3 5a) '^y^^^' = ^y'^^^^ -N;5y^'^'- Nj6x^ , 

^ ■ ■ ' (1) (2) 

(1) (fc-2) (fe-1) 



Therefore, we obtain 



Theorem 6.3.1 1° . A change of local coordinates on T*^M implies for the dual 
coefficients of the nonlinear connection N, the following rule of transformations 
(6.3.6) 

M"-^ = ^ + ^ , 

M?"-^ = W ^— + ^ + , 

(2) ^^"^ (2™ (1^ ^2;^' 



Mr ^ = AC ^ + AC, + ... + + "'^ 



(fe-1) 



dx^ dx^ ,^ S^x*" 



5x* dx^dx^ 



^ . Conversely, if the system of function (Afj,..., Mj ,Afij) are ^iuen on ev- 
il) (fe-1) 

en/ domain a local chart of the manifold T*'^M such that the equations (6.3.6) 
are verified, then (Aij, Mj ,Nji) are the dual coefficients of a nonlinear con- 

(1) (fc-i) 
nection N on T*''M. 



The proof can be done as in the usual cases, [115]. 
Some appUcations: 

1 2 fe-1 

1) The vector fields r,r, T can be expressed in the adapted basis, in 
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the form: 



r= z^i)* 



Sy(k-l)i ' 



(6.3.7) r^zW^^_^+2z^'^'- ^ 



Sy(k-2)i Sy{k-l)i' 



where 



(6.3.7a) 



(1) 

(/c - 1) ^C^-i)* = (fc - 1) yC^-i)' + (fc - 2) M^yC^-^)™ + ... 

(1) 

...+ M4y(i)-. 

(fc-2) 

With respect to (4.1.2), we have 

(6.3.7b) = ^z^"^', (a = 1, k-l) 

^From (6.3.7b) it follows that z^^^'^ , z'^^~^^'^ have a geometrical meaning. 
They will be called the Liouville d-vector fields. 

2) The operators do,..., dk-2 and d are represented in the adapted basis by 
the formulae 



and 



(6.3.9) d = + ^.,(^)^ + ... + j^M'-''' + ^/P^- 
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If H e T{T*''M), then we have the l-forms 



and 



(6.3.11) dil = -^5.^ + + ... + V^-- + ^^P. 

In the previous formulas 

5H SH 



(6.3.12) 



are d-covector and — is a d-vector. 

OPi 

3) In the adapted basis (6.2.11) a dual fc-semispray can be written as 
follows 



(6.3.13) 



+k t ^ I V — 



where 



k^ = kC + {k- l)y(*=-i)Wi + ... + Mj , 
(6.3.14) ('^-^^ 



V» V 

Evidently, ^ is a rf-vector field, and Vi is a rf-covector field. It is remarkable 

V 

that the equation Vi= has a geometrical meaning. Especially the sprays 
with this property will be considered. 

The interior products of the l-forms doH, ...,dk-2H and dH with the vector 
field are given by 
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(6.3.15) 



and 

= + + ... + _ l).<'->'j^+ 

(6.3.16) 

Consequently, we have 



(6.3.16a) di/(55) = S^{H). 

We shall use all these formulae in the theory of higher order Hamilton spaces. 
An 1-form fields u) € X*{T*''M) can be uniquely written as 



(6.3.17) u = co" + u^-" + ... + co^''--' + LO^" , 
where 

(6.3.18) LJ^ =ujoh, uj^°' =uj o Va, {ct = 1, k — 1), u^'' =uj o Wk. 

These components can be easily written in the adapted basis. 
For a function H € F{T*''M) we deduce 

(6.3.19) dH = {dH)" + {dHY' + ... + {dHf"-' + {dH)^'" , 
with 

(6.3.19a) (dH)" = ^^^dx\ {dH^^ = ^M^^'^ ('^^)'^' = ^£-^Pi 
In the case of 1-forms doH, dk-2H we have: 

{d^HY- = 0, {d^H)"^'" = 0, (a = 1, k - 1), 

{diHY-^ = 0, {diH)^" =0,{a = 2, k - 1), 
{dk-2HY''-^ = 0, (4-2-^)^'= = 0. 
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4) The horizontal curves with respect to a nonlinear connection N, can be 
studied exactly as in Ch. 10, from the book [115]. 

Let 7 : / ^ T*'^M be a parametrized curve, locally expressed by 

(6.3.20) = ar^(t),y«' = ...,y^''-'^' = y^''-'^'{t),pi =Pi{t),te I. 

For the tangent vector field —,t € I one can write: 

Using the basis (6.2.11), adapted to the direct decomposition (6.2.9), we 
obtain 

d2_Sx^_6_ Sy^^^' S Sy^^-^"'' 5 Spi._S_ 

(6.3. Ob) rff Sy{i)i + - + dt ^yC^-i)' '^'dtWi' 

Taking into account the formulas (6.3.2) the coefficients of the tangent vector 

field — from (6.3.20b) have the following expressions 



Sx^ dx^ 
'dt ~ 'dt' 

^ - " 'ML 



(6.3.21) 



dt dt dt 

Sy{k-l)i (iy(fc-l)i dy(fc-2)» dx 

^ - ^ +m;,-^— — + ... + ML, + m: 



dt dt dt (^._'^) dt dt 

5pi dpi _ dx™- 



dt dt dt 
An horizontal curve 7 : / T*'^M, with respect to the nonlinear connection 
N is defined by the conditions 

It follows: 

Theorem 6.3.2 A parametrized curve 7 : / — >■ T*'^M is horizontal if and only 
if the following system of ordinary differential equations is verified: 

(6.3.22) oy^^^^^^dy_ ^q^^q 

^ ^ dt dt dt 

The horizontal curves with the property 

(*] ,,(i)i = ^ Jk-i)i _ 1 ci^'^x' 

^ ^ ^ dt '■■■'^ (fc- 1)! 

are called f/ie autoparalel curves of the nonlinear connection A''. These curves 
are characterized by (6.3.22) in the conditions (*) . 
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6.4 The Determination of the Nonlinear Con- 
nection by a Dual /c-Semispray 

The main problem concerning the notion of nonlinear connection N is wether a 
dual fc-semispray determines a nonlinear connection N or not. The answer 
is yes. We have the following important result. 

Theorem 6.4.1 Any dual k-semispray with the coefficients (C^Vi) deter- 
mines: 

1°. The dual coefficients Mj, Mj , of a nonlinear connection N, by the 

(1) (fe-i) 

formulas: 



(6-4.1) M}=--J^,M},= --^,...,M^^=- ^ 



2^ . The coefficients Nij by the formula 

6r]i 



(6.4.2) AT,,- 



SyW:> ' 

where the operators 

- N'—^r-T - ... - Nl ^ ,, ■ , TV! 



(a = l,...,fc-2) 
are determined by Mj,..., Afj from (6.4-1). 

(1) (fe-2) 

Proof: We prove that with respect to a change of local coordinates on the 
manifold T*^M, the system of functions Mj, Mj from (6.4.1) obey the trans- 

(1) (fe-i) 

formation (6.3.6). 

By means of (6.1.3), we have 

= + ik- l)f^y(-^)^ + ... + 

d dx'"^ d 

Applying the formula ^ ,. — = — twt— tT: we deduce the first formula 

oy^ ox^ oy^ ' 

(6.3.6). By the same method, we establish inductively the other formula (6.3.6), 
for the coefficients (6.4.1). 
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In order to prove (6.4.2), we remark that the vector fields ^ , constructs 

by means of coeSicients Mj, Mj , from (6.4.1) has the law of transformation: 

(1) (fc-i) 

i5 dx^ d 



The rule of transformation of the coefficients r/j of is 

ox^ ox^ 
These formula have as a consequence: 

(5?7i dx''' dx"^ 5rjr d^x^' 



5yi'^)i dx^ dxi SyC^^"" '^'"dx'^dx^ 

of transformat: 
nection A'' on the manifold T*^M. 



This is the rule of transformation of the coefiicients Nj,j of a nonlinear con- 



6.5 Lie Brackets. Exterior Differential 

In the following it is important to determine the Lie brackets of the vector fields 
of the adapted basis (6.2.11) and the exterior difl'erentials of the covector fields 
of adapted cobasis (6.3.1). 

By a direct calculus we obtain 



Proposition 6.5.1 The following expressions of the Lie brackets hold true: 
hxi ' fe/^J - f^Jyd)^ + - + (oX\/2/(^-i)^ + (g" ^ft ' 



'5xi'5y(-)h' ^Jl'^SyWi - ^J^^SyC'-^)^ bp, 



(6.5.1) 



8 



(1) 



(a/3) "Pi 



^dxi'Sph^ 



_ 6 
(1) ^' 



■...+ a 



lih 



TDlh 

( 5yW^ 



S 



-i)i 



(a) 



T:>ih 



(0) "P^ 



112 



THE GEOMETRY OF HIGHER-ORDER HAMILTON SPACES 



a,P = l, ...k; /3 < a in which: 

(1) 

C}^= 0, 1 < a < /3, 

(a/3) 
(2) 

(6.5.2) Cj,^= 0, 2<a<p, 

(a/3) 



(7) 

q/,= 0, 7 < a < /3 

(a/3) 



anc? t/ie coefficients R, B, C can he obtained by a straiforward calculus, Rjf^ being 

(Oa) 

expressed by: 

(01) (01) 

(6 5 3) ^jh = ''^jh + ^l''^jh^ 

^ ' ' ■' (02) (02) (1) (01) 



i?;^ = r}h +MI r]^ +...+ Ml r]^ 

(0,fe-l) (0,fc-l) (1) (0,fe-2) ('=-2)(0,fe-2) 



and 



(6.5.3a) Rijh - 



with 



ijv; ijv; 



(Oa) 

Taking into account the conditions of integrabihty of the nonhnear connec- 
tion A'', (cf Prop. 6.2.3) we have: 

Theorem 6.5.1 The nonlinear connection N is integrable if and only if the 
following equations hold: 

(6.5.4) i?}^ = 0, (a = 1, k - l),Ri,h = 0. 

(Oa) (0) 

Indeed, the distribution A'' is integrable if and only if the vector fields 

S S 

[— — , — -r-l belong to A''. So, the equations (6.5.4) (which have a geometrical 

ox^ ox"- 

meaning) express the necessary and sufficient conditions for N to be integrable. 
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Similar characterizations hold for the case when each distribution A''i, Nk-2 
is integrable. (cf. Prop. 6. 2. 3, 2°) 

In order to determine the exterior diflFerentials of 1-forms 

{Sx^,Sy^^''^, ...,Sy'^'^~^'^^,Spi), we start from the formulae (6.3.2) and express the 
mentioned differentials with respect to the base of A^(T*'°M) determined by 
((5x%(5y(i)%...,(52/('=-i)%(5pi). 

^Prom (6.3.2) one obtains: 
d6x' = 0, 

d6y^^^' = dMj A dx^ , 
(1) 

(1) (2) 
dSyik-^i = dMj A + dMj A dy^'^-^W + ... + d M] A dx^ 

(1) (2) (fe-l) 



and 



(6.5.5a) 



dSpi = —dNji A dx-' . 



Substituting {dx^,dy^^^^, dy^'' ^^*) from (6.3.5') we can write (6.5.5) in the 
following form 

(iSy(°')i = pi A dx^ + P] A + ... + P] A 

(aO) (q1) (a,a-l) 

(6-5-6) (a = l,...,fc-l), 

dSpi = Pij A dx^ , 

where Pj are 1-forms, which should be calculated by means of formula 

(a/3) 

duj{X, Y) = Xoj{Y) - Yuj{X) - uj{[X,Y]),yuj € A^{T*^M) 



and using the Lie brackets (6.5.1). 



Theorem 6.5.2 The exterior differentials of the 1-forms 
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are given by 

(6.5.7) 

d6x' = 0, 



(10) 

(20) (21) 



^^y(fe-l)i = + pi ^ ^y(l)j ^ _ _ + 5y(fe-2)j 

(fe-1,0) 



(fc-1,1) 



(fe-l,fe-2) 



and 

(6.5.7a) 



dSpi = Pij A dx^ 



where the 1- forms Pj and Pij are given by 

(a/3) 

(6.5.81) P] = J2 B]mSy^''^"' + BfSpm, 

(10) (01) 7=1 (7I) (1) 



(6.5.82) 



fc-1 



P; = -RUdx"^+ J2 BU^y^^^"" + BY'5p^, 



(20) ^ (02) 



7=1 (72) 



(2) 



fc-1 (2) 

P] = -Bi^jdx^- E -^y^^'" + Cf-hm, 

K (21) (12) T=l(7l) (12) 



fc-1 



(6.5.8a) 



and 
(6.5.9) 



^ fi; — J. 

(aO) (Oa) 7=1 (7a) (a) 



Pj = -Bljdx^- Eclj Sy^^')"' + Cp6p„ 



(al) 



(la) T=l (7I) 



(la) 



(a,a — 1) (a — l,a) ■^~-'^(7,a— 1) (a — l,a) 



(a = 3, 1) 



^ fc-1 
Pij = i:Rijmdx^+ B.jmSy^''^^ + B^Spr, 

^ (0) 7=1 (7) (0) 
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Remark 6.5.1 In order to give a proof of the equations (6.5.2) we remark that 

5 6 

(a/3) 

^Prom (6.5.6) it follows that the left hand side of the previous formula van- 
ishes for 7 < a < ^. 

Remark 6.5.2 By this method we can calculate the coefficients for the expres- 
sion of the Lie brackets (6.5.1). 

Indeed, dJ^")* from (6.5.5) can be written in the adapted basis 

(l5y(o')i = {dM] - N^d - ... - dM^} A dxi+ 

(a) (1) (a-1) (1) 



(6.5.10) 



{d Mj - Npd - ... - N^j dM]} A dy^^'>^ + 

(a-l) (1) (a-2) (a-2) (1) 

+... + {dMj - N^dMl^} A + dMj A dy^'^'^K 

(2) (1) (1) (1) 



Identifying to dSy'^"^^ for (6.5.6) we have 



= rfMj - NJ^d M'^ - ... - iV™ (iM4, 

(aO) (a) (1) (a-l) (a-l) (1) 

(6 5 11) = - ^™ - - - d^in, 

^ ■ ■ ^ (al) (a-l) (1) (a-2) (a-2) (1) 



P = dML 

(a,a-l) 

Taking into account that, with respect to the adapted basis the 1-form dMj 

(a) 

are given by 

5Mj SMj SMj 

(6.5.12) dU; = -^Sx^+ V ■j^Sy('^'>^ + -^Sp,. 

Substituting (6.5.11) and identifying to (6.5.8) we completely determine the 
coefficients of the Lie brackets. 

For instance, from P^.a-i, (6.5.8) «) and P (6.5.11) we obtain 

(a, a-l) 

m] m] bM] 

r,i _ («) . fii _ (") . r^im ^ («) 

(a-l,a) (7,a-l) (a-l,a) "P"" 
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6.6 The Almost Product Structure P. The Al- 
most Contact Structure F 

The J'(T*'=M)-linear mapping P : X{T*pM) X{T*pM) defined by 

(6.6.1) P(X^) = X^,P(X^°) = -X^",F{X^'') = -X^", {a = l,...,k- 1) 

determines an almost product structure on the manifold T*'^M. It is given by 
means of a nonlinear connection TV. 
We have 

PoP = /, 

(6.6.2) ¥ = I-2{vi + ... + Vk-i+Wk), 
rankP = {k + l)n. 

Theorem 6.6.1 A nonlinear connection N on T*^M is characterized by the 

existence of an almost product structure P on T*^M whose eingenspaces cor- 
responding to the eingenvalue —1 coincides with the linear space of the vertical 
distribution V on T*''M. 

The proof is same as in the case k = 2 (see the book [115]). 

Theorem 6.6.2 The almost product structureF, defined by (6.6.1) is integrable 
if and only if the horizontal distribution N is integrable. 

The proof is exactly as in Prop. 9.8.1 of the book [115]. 
Another important structure on T*^M is determined by the J^{T*^M)— 
linear mapping 



(6.6.3) 



3 S 

where (——..., — ) is the adapted basis of a nonlinear connection N and of the 

ox^ opi 

vertical distribution V. Now, is not difficult to prove 

Theorem 6.6.3 The mapping F has the following properties: 

r F is globally defined on T*''M. 
^ ¥ is a tensor field of type (1, 1) : 

(6-6-4) F = -^-A^ rfx^ + ^ ^ Si'-'^\ 

3° Ker¥ = iVi © ... © Nk-2 © Wk, Im¥ = A^o © Vk-i, 
4° rankF = 2n, 
5° F^ + F = 0. 
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Looking at 5°, wc can say that F is an almost {k — l)n-contact structure 
determined by the nonhnear connection N. 

The Nijenhuis tensor of structure F is expressed by: 

AfriX,Y) = ¥^[X,Y] + [¥X,¥Y] -¥[¥X,Y] -¥[X,¥Y] 
and the condition of normahty of the structure F is as follows: 

(6.6.5) 

n k—1 

Af^{X,Y)+^ [E d{dy(-^\X,Y) + diSpi){X,Y)]=0, 

\/X,Y G X{T*''M). 

Using the formulas (6.4.2) and (6.4.5) we can obtain the explicit form of the 
last equation. 

6.7 The Riemannian Structure G on T*^M 

Let G be a Riemannian structure on the manifold T*^A1. G determines uniquely 
a nonlinear connection N on T*^M. N is the ortoghonal distribution, with 
respect to G, to the vertical distribution V. 

In the case when the base manifold M is paracompact, Theorem 4.1.2 affirms 
that the manifolds T**'M is paracompact, too. So on T*^M there exists a 
Riemannian structure G. Consequently, wc have: 

Theorem 6.7.1 // the base manifold M is paracompact then on the manifold 

T*'^AI there exist nonlinear connections N. 

Let G be a Riemannian structure on T*^M and N the nonlinear connection, 
whose distribution is orthogonal to the vertical distribution V. The problem is 
to determine the local coefBcients AH, TVj , Nij of N by means of the local 

(1) (fe-i) 

coefficients of G: 



(6-7-1) (Ofc) „ „ (fe.fe) ^ „ 

(fe-i,fe-i) C"'.*:) 

It follows that gij and g*-' arc d-tcnsor fields symmetric and positively 
defined. They are coefficients of the restrictions of G to the distributions Vk-r 
and Wfe. 

The coefficients of the nonlinear connection N enter in the adapted basis 
{-— ^} to the distribution A'' = A^Oi (6.2.4), in the adapted basis 
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d 3 

{— r— }, { , - . } to the distribution Ni,..., V/j_i and in the adapted basis 

{- — } to the vertical distributions Wk- They are uniquely determined by the 

conditions that each of the distributions {Ni, N1.-2} is orthogonal to V^-i 
with respect to G and A^o is orthogonal to V. 
Indeed, the conditions of orthogonality 

S S 

give us 

(1) 

(fe— Ijfe— 1) 

But rank{ glj ) = n. So the previous equation uniquely gives the coef- 
ficients NV^. 
(1) 

The following equations 



, 5 ^ \ f\ 



lead to the equations 



(ft-3,fe-l) (fe-2,fc-l) (fc-l,/c-l) 

9ij gmj 9mj =0. 

(1) (2) 

These equations uniquely determine the coefficients iV™, etc. 

(2) 

Now we prove the following result. 
Theorem 6.7.2 Any Riemannian structure G on the manifold T*^M deter- 

o 

mines on this manifold a Riemannian almost contact structure ((G,IF). 

Proof. The structure G determine a nonlinear connection A'' with the local 
coefficients (iV™, iV™ , Nij). With these coefiicients we construct the adapted 

(1) (fe-i) 

basis 

.6 S S 5 . ,^ , . . . , 

(— ^, ^ -—r. — TT-,- — ) to N and Vi. The restrictions of G to the 

ox* oy'^^)^ by^'^~^ii opj 

distribution Vk-i and Wk give us the symmetric, positively defined d-tensor 
fields 

Therefore G determines on the manifold T*^M the Riemannian structure 
^^^^^ G = Qijdx^ ® dx^ + gijdy^'^^^ ® 5y^'^^^ + ...+ 

+ QijSy^''-^^' O ^y^'^-i)' + h'^6pi O Spj. 
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Consider the almost (fc— l)n-contaet strueture F determined by iV. It is given 
by (6.6.3). Consequently, F is determined only by the Riemannian structure G. 

o 

Therefore the pair (G, F) is a Riemannian almost contact structure deter- 
mined only by G. 

Of course, the equation 

G{¥X,Y) = -G{X,¥Y), 
is verified on the adapted basis to N and V. q.e.d 

o 

Remark 6.7.1 We shall use the Riemannian structure G, in the case of Hamil- 
ton space of order k, for /i*^ = g^^ 

6.8 The Riemannian Almost Contact Structure 

V V 

(G,F) 

Consider a d-tensor field on T*''M, symmetric and positively defined. It 

follows det||g'ij|| > on T*'^M. Let N be an apriori given nonlinear connec- 
tion on the manifold T*''M and the adapted basis with respect to N and V : 

As usual, the dual basis is {dx^Sy'^^^\ ...,6y'^''~^^\5pi). The Af-lift of the d- 
tensor fields gij at every point u G T*''M is defined by 

G= Qijdx' ® dx^ + gijSy^^^' ® Sy^^^i^ + ... + QijSy^''-^^' ® 6y^''-^^'+ 

(6.8.1) 

+g''^6pi (g) 5pj, 
where g'^^ is the contravariant tensor of gij. We have: 

Proposition 6.8.1 G is a Riemannian structure on T*^M. 

Indeed, G is a tensor field on the manifold T*^M covariant symmetric and 
positively defined. 

The geometrical object fields A'' and gij allows to define the J^(r*'=M)-linear 
mapping 

F: X{T*Hi) X{T*^) 

by 

(6.8.2) ^ (^) = = o,a = 1,...,.,^ (A) = 

Taking into account the rule of transformations of the d-tensor gij and of the 

5 5 V 
vector fields — ^, - — it follows that F has a geometrical meaning. 
5x1 dpj 

We have also: 
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Theorem 6.8.1 1° ¥ is a tensor field on T*''M of type (6.1.1) 

V 

2^ In adapted basis F is expressed by 

V S ■ S 

(6.8.3) F= -mj-^ dx' +9'^j-i® <5ft> 

5° Ker F= A^i 8 ... © A^(fe-i), Im F= A^o ® Wk, 

V 

4° rankW= 2n, 

V 

5° F +F= 0. 

By means of (6.8.2) the proof is immediate. 

V 

Consequently, F is an almost (/c— l)n-contact structure on T*''M determined 
by the nonlinear connection and d-tensor Qij. Of course, it is useful in the 
case of Hamilton spaces of order k. 

y _ 

The conditions of normality of the structure F can be written exactly as in 
(6.6.5). 

V V 

Between the Riemannian structure G and the structure F there is a strongly 
relation. 

V V 

Theorem 6.8.2 1° The pair (G ) is a Riemannian almost contact structure 
determined only by the pair {N,gij) 
The associated 2-form is 

9 = 5pi A dx^ . 

3° If the coefficients Nij of N are symmetric, then 9 reduces to the presymplectic 

structure 

9 = dpiA dx\ 

Proof: 

V V V V 

1° The following formula G {¥ X,Y) = - G {X, F Y) can be verified on the 
adapted basis, using (6.8.2). 

2° e{X,Y) =G (F X,Y) is satisfied, too. 

3° From Nij = Nji and Spi = dpi — Njidx^ we deduce 5pi A dx^ = dpi A dx^, 
q.e.d. 



Chapter 7 

Linear Connections on the 



In the chapter 10 of the book 'The Geometry of Hamilton and Lagrange Spaces', 
[115], we studied the notions of d-tensor algebra and A'' -linear connections on 
T*^M. The corresponding theory will be extended in the present section to the 
case k > 2. 

7.1 The Algebra of Distinguished Tensor Fields 

Let be a nonlinear connection on the manifold T*^M. It determines, at every 
point u e T*''M, the direct decomposition of the linear space Tu{T*^M): 



A vector field X e A'(r**=M) and an one form uj G X*{T*''M) can be 
uniquely written in the form 



Clearly if h, wi, W2, Vk-i,Wk are the projectors determined by the decom- 
position (7.1.1), we have 



Manifold 




(7.1.1) 



Tu(T*''M) = Na^u ® A^i,« ® - © A^fe-2,„ © Vk-i,u ® Wk, 



(7.1.2) 




X" = hX, X^- = VaX, {a = 1, k - 1), X^" = WkX, 



(7.1.3) 



= (jj oh, =co o Va, {a = 1, k — 1), w^'= = 



U! O Wk- 
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Definition 7.1.1 A distinguished tensor field (briefly d-tensor field) on the 
manifold T*^M of type (r, s) is a d-tensor field T of type (r, s) on T*^M with 
the property: 



r(w,..,c^,.x,...,x) = r(i ,.x" ,...,x'^-) 

Is Is 

(7.1.4) 

Vw,...,we A'*(r*'=M),VX, G X{T*^M) 

1 s 

For instance, every components , X'^^ , X'^''-^ , X^'' of a vector field X 
is a d -vector field and every component of an 1-form is a 

d-l-form field. 

6 S S S 

In the adapted basis (-^, ^ ^ ,-,- ,-z — ) to the decomposition 

ox^ dy*-^-" SyC^-^n dpi 

(7.1.1) and in its dual basis {dx\dy^^^\ ...,Sy'^''~^^\Spi), given by (4.1.10) and 

(4.2.2) , a d-tensor field T of type (r, s) can be written in the form 

(7.1.5) T (u) = T''-^(u)— <S)...(S)- — <g) dx^' (g) ... (g) Spi^yu € T*^M 

S S S 5 

It follows that the set |1, — ^, -— rrr, -r-r, — tt^, -z — | generates the algebra 
^ (5x« ,5y(fc-i)» ' 6pi^ 

of the d-tensor fields over the ring of functions T{T*^M). 

With respect to a local transformation of the coordinates on T*''M, the local 

coefficients T'^l]]]^, °^ '''^^ transformed by the classical rule 



For instance, if / € T{T*'^M), then each set of functions 



^ (i = 1, n) is a d-covector field, and ^J- is a d- vector field. 

7.2 A^-Linear Connections 

The iV-linear connections, for k — 2, were studied in chapter 10, of the book 
[115]. Their definition for fc > 2 is as follows: 

Definition 7.2.1 A linear connection D on the manifold T*'^M is called an 
N -linear connection if: 

(1) D preserves by parallelism the distributions Nq. Ni. Nk-2,Vk-i,Wk- 

(2) The k — 1 tangent structure J is absolutely parallel with respect to D. 

(3) The presymplectic structure 6 is absolutely parallel with respect D. 



Directly from the definition we can establish, without difficulties the follow- 
ing characterization of an A?'-linear connection 



Linear Connection on the Manifold T*'^M 
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Theorem 7.2.1 A linear connection D is an N -linear connection on the man- 
ifold T*'^M if and only if: 

(1) D preserves by parallelism the distributions Nq, Ni, Nk-2,Vk-i and 

Wk. 

(2) 

Dx{JY") = J{DxY"), DxiJY""-) = JiDxY""-), 

(7.2.1) (a = l,...,fc- 1) 

DxiJY"^") = JiDxY^"), yX,Y e X{T*^M). 

(3) 

(7.2.2) DO = 0. 

We remark that the equalities £»x(Ji"^'=-0 = JiDxY^"-^) and Dx(Jl"^'=) = 
J{DxY^^^) arc trivial, since J(F^'=-i) = 0, and J(y'^'=) = 0. 

Wc obtain also 

Theorem 7.2.2 For any N- linear connection D we have 

(7.2.3) Dxh = Dxva = DxWk = 0, (a = 1, k - 1), 

(7.2.4) L>xF = 0, DxF = 0. 

Indeed, from {Dxh){Y) = Dx{hY) - HDxY HY = Y" we obtain 
{Dxh){Y") = DxY" - hDxY" = 

andfor y = F^-, 

(Dx/i)(y^") = DxihY""-) - hOxY""" = 0. 

Also {Dxh){Y^'') = 0. That means {Dxh){Y) = 0,VF e x((T*'=M). Similarly, 
we prove the other equalities (7.2.3), 

Now, taking into account the formula (6.6.2), we deduce Dx^ = 0. The last 
equality (7.2.4) can be proved by the formula (£>xF)(F) = DxViY) -¥{DxY), 
using the local expression of DxY (see the section 5, from this chapter). 

Let us consider the vector field X written in the form (7.1.2). From the 
linearity of the operator DxY with respect to X we deduce 

(7.2.5) DxY = DxhY + Dxv^Y + ... + D^v^.^Y + Dxw.Y. 

Here appears {k + 1) new operators of derivation in the d— tensor algebra, 
defined by 

(7.2.6) = DxH,D]l = Dxv. , d]^-^ = D^v,_, , D^" = Dxw, . 

These operators are not covariant derivations in the d-tensor algebra, since 

D^f = X"f ^ Xf, Dl^f = X'^-f ^ Xf, {a = 1, k), 
D^''f = X^''fj^Xf. 
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However, they have similar properties with the covariant derivatives. 
/,From (7.2.5) and (7.2.6) we deduce 

(7.2.7) DxY = D^Y + D^'Y + ... + D^^-'V + D^^Y. 

By means of Theorem 7.2.2, we have: 

Theorem 7.2.3 The operators D^,D^ , ...,D^~^ andD^'' have the following 
properties: 

1) Each operator D^,D]^ , ...,D^~^ and maps a vector field that he- 
longs to one of the distributions Nq, Ni, Nk-2,Vk-i ond Wk into a vector 
field that belongs to the same distribution, 

2) D^f = X"f, Dl"f = X^^f, (a=l,...,fc), D^>'f = X'^''f, 

3) D^ifY) = X"{fY) + r, DXtifY) = X^^ifY) + fD^tY, 
{a = 1, k-1), D^" ifY) = X^- ifY) + fD^-Y, 

4) D§{Y + Z) = D§Y + D§Z, Dl" {Y + Z) = DfY + Df Z, 
{a = 1, k - 1), D^'" {Y + Z) = D^'^Y + D^'pZ, 

5) D^^y =D«^+D^, Dl-^y = Dl- + D^-- , (a = 1, ...k - 1), 
^x+Y — ^x + 5 

6) D% = fD^; Df^ = fD^-, {a = 1, A; - 1), Z)^ = 

7) D§{JY) = JD^Y, (JY) = JD^Y, {a = 1, k-1) 

D^'-iJY) = JD^'-Y, 

8) D^e = 0, D]^"e = 0, (a = 1, k - 1), D^''e = 0. 

9) For any open set U C T*'^M the following properties hold: 

{D^Y)\u =D'^^^Y\u,{Dl-Y)\u =D\Y\u,{o^ = h...,k-l), 

{D^''Y)\u=D%Y\u- 

The proof of this theorem can be done by the classical methods, [115]. 

The operators D^, , D^* will be called the operators of h- , Va- and Wk- 
covariant derivation. 



Linear Connection on the Manifold T*'^M 



125 



The action of these operators over the 1-form fields w are given by 
{D^uj){Y)=X"^{Y)-uj{D«[Y), 

(7.2.8) {Dl-uj){Y) = X^«a;(y) - uj{dI-Y), (a = 1, ...k - 1), 

(£)J''w)(r) = X^^u:{Y) - ujiD^'Y). 

Of course, the action of the operators D^,D^ ,D'^'' can be extended to 
any tensor fields, particularly to any d-tensor field on T*''M. 

For instance, if the d-tensor T verifies (7.1.4) we have 
(7.2.9) 

(DfT)(i ,.Xf,...,X^^) = X"T{^ ,X",...,X^>') 

Is Is 

-T(Df J; ,X",...,X^^)-...- 

1 s 

-T( J^, w^'s .X^, D^X^^'"). 

1 5 

Now, let us consider a parametrized smooth curve ^ : t € I ^ 7(f) € T*^M 
having the image in a domain of local chart. 

Its tangent vector field ^~ '^^ uniquely written in the form 

. .H .Vi .Vk-i .Wk 

(7.2.10) 7=7 +7 +...+ 7 +7 . 

If the curve 7 is analytically given by (6.3.2), then 7, in the adapted basis 
is given by (6.3.20"), (6.3.21). The horizontal curves are defined by Theorem 
6.3.2 and the autoparallcl curves of the nonlinear connection N are given by the 
equations (6.3.22) in the conditions 

^ dt '""'^ (A;-l)! dt''-^ ■ 

A vector field Y{'y{t)), along curve 7 has the covariant derivative 

(7.2.11) DY = D"Y + D^^Y + ... + D^^-^Y + D^^Y. 

T 7 7 7 7 

The vector field Y(j(t)) is parallel along curve 7 if 

(7.2.12) DY = 0. 

The curve 7 is autoparallcl with respect to the N- linear connection D if 
D-^ 7= 0. This equation is equivalent to 

(7.2.13) 7 7 +... + £>^''"' 7 +£>^'= 7= 
77 77 

In a next section we shall express this equation in an adapted basis. 
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7.3 The Torsion and Curvature of an A/^-Linear 
Connection 

The torsion tensor field T of an A/'-linear connection D is expressed as usually 
by 

(7.3.1) T{XX) = DxY-DyX - [X,Y],\/X,Y € X{T*''M). 

T can by characterized by the vector fields 

T{X",Y") = hT{X",Y") + viT{X",Y") + ...+Vk-iT{X",Y") + 

+ WkT{X",Y"), 

T(X^,y^°) = hT{X",Y^'')+viT{X",Y^'') + ... + Vk-iT{X",Y^'') + 
+ WkT{X" ,Y''-), 

T{X",Y^'') = hT{X" ,Y^'') + viT{X" ,Y^'') + ...+ 

(7.3.2) 

+ Vk-iT{X",Y^'')+WkT{X",Y'^>'), 

T{X^'',Y^^) = hi:{X^'',Y^^)+viT{X^'',Y^^) + ...+Vk-iTiX^'',Y^'') + 

+ WkT{X^'',Y^^), 

a < /3;a,^ = l,2,...,fc- 1, 

T(X^°,y'^'=) = hT{X^'',Y^'') + viT{X^-,Y^'') + ...+Vk-iT{X^-,Y^'')-\ 

+ wfeT(x^-,y^'=), 



T(X^'= ,Y^-) = hT{X^>' ,Y^'') + viTiX^" , ) + ... + 
+^;fe_lT(X^^ y^") + «;fcT(X^^ y^"). 

Since D preserves by parallelism the distributions A^o, Ni, Nk-2,Vk-i and 
Wk we deduce 
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Proposition 7.3.1 The following properties of the torsion T of the N-linear 

connection D hold: 

(7.3.3) hT{X^''-\ y ^'■-1 ) = 0, hTiX^"^ , X^" ) = 0. 

Indeed, the distributions Vk-\ and Wk being integrable, the equations (7.3.3) 
are verified. 

Now, using the formula (7.3.1), we can write the expression of T(X, F) in 
the form 

(7.3.4) T(X, Y) = hT{X, Y) + vxT{X, Y) + ... + Vk-iT{X, Y) + WkT{X, Y), 

taking into account the components of X and Y from the decomposition (7.1.2). 
The curvature of the A'^-hnear connection D is given by 

(7.3.5) ]R(X, Y)Z = {DxDy - DyDx)Z - D^x,y]Z, VX, F, Z e X{T*''M) 

Taking into account the decomposition of vector fields X, Y, Z in the form 
(7.1.2) we can write the curvature K in a similar manner as the torsion T. 
The definition 7.2.1 allows to prove, without difficulties 

Proposition 7.3.2 The following properties hold: 
(7.3.5a) J(M(X, Y)Z) = M(X, Y)JZ- DxO = 0. 

Consequently, we have 

Theorem 7.3.1 The curvature R has the properties: 
1° The essential components of R are 

(7.3.6) M(X, Y)Z", M(X, y)Z^° ,{a = l,...k- 1), ]R(X, y)Z^'= . 

2^ The vector field M.{X,Y)Z^ belongs to the horizontal distribution N = 

No. 

3° The vector field ]R(X, y)Z^°, (a. = 1, ...k — 1) belongs to the distribution 

No.. 

4° The vector field M.{XX)Z^'° belongs to the distribution Wk- 
5° The following equations hold: 

Voc{^{X, Y)Z"} = 0, (a = 1, ...k - 1), Wk{S. {X, Y) Z"} = 0, 
vMX, Y)Z^^} = 0, (a ^ /3; a, /3 = 1, ...k - 1), 

(7.3.7) 

Vo.{RiX,Y) Z^4 = 0, 

h{R{X, Y)Z^'^} = 0, (a = 1, ...k - 1), /i{M (X, Y) Z^"} = 0. 

Of course we can express the d-tensor of curvature by means of the 
operators D^,D^ ,D^'' . They will be written in the adapted basis in a next 
section. 
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Proposition 7.3.3 The Ricci identities of the N -linear connection D are: 



[Dx,Dy]Z" = R{X, Y)Z" + D[x,Y]Z 



(7.3.8) [Dx,Dy]Z^- =R{X,Y)Z'''' -hD^x,Y]Z''\{a = l,...,k-l), 
[Dx,Dy]Z^'' = R{X,Y)Z^>' +D[x,y]Z^''- 

1 k-l 

Let us consider the Liouville vector fields F, T and C* from Theorem 
4.2.1 and let us apply the previous Proposition. 

Theorem 7.3.2 For any N -linear connection D the following identities hold: 



[Dx,Dy] r= Y) V +D^x,Y] r, (a = 1, k - 1), 

(7.3.9) 

\Dx,Dy]C* = M(X, Y)C* + Dyx,Y]C*. 

Using the considerations from this chapter we can establish the Bianchi 
identities of an A/'- linear connection D, by means of the operators D^, F)^, 
D^'' taking into account the classical identities 

E {(-DxT)(r, Z) - R{X, Y)Z + T(T(X, Y), Z)} = 0, 

(X,Y,Z) 

(7.3.10) 

E {{DxmU,Y,Z)-R{T{X,Y),Z)U} = Q, 

{X,Y,Z) 

where E means the cyclic sum. 

{X,Y,Z) 



7.4 The Coefficients of a A/^-Linear Connection 

A A^-linear connection D is characterized by its coefBcients in the adapted basis 

S 5 5 

{^^^ ^ r \- , T — )• As we shall see these coefficients obey particular rules of 

transformations with respect to the change of local coordinates on the manifold 

T*^M. 

Taking into account Theorem 7.2.1 we can prove: 



Theorem 7.4.1 We have: 
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1° An N-linear connection D can he uniquely represented in the adapted 
basis in the following form: 
(7.4.1) ^ ^ ^ ^ 

^ ^ 5pj 

Spi 

^ respect to the transformation (4-1.2), the coefficients ifj^ obey the 

rule of transformation 

dx^ dx^ dx^ „^ d^x^ 



^^■^■^^ ^'''dxidxf' dx^^^^^ dxidxf" 

3° The system of functions Cjf^,Cf^, (a = 1, k — 1) are d-tensor fields of 

(«) 

type (1,2) and (2,1), respectively. 

Proof: According to the definition 2.1, we can write 

n — -U^ —■ n ^ = ^ 

J_5xi ^'Ux^' J_SyW' a]'Sy(^)^''"' 
5x3 ^ > 5x3 

n ^ = ^ ■ n — = w —■ 

Sxi ^ ' 5xi ^' 

Applying the mapping J and looking to (4.3.1) and to Theorem 7.2.3, we 

obtain 

S S 
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Consequently, 



ITS TTS TTS TTS TTS TJ S 

(1) (0) (2) (1) (k-l) (fe-2) 



and, from D ^ 9 = 0, we have H^j = H-j. It follows that the formulae of the 

(0) i^) 

first line of (7.4.1) are valid. Similarly wc prove the other equalities of (7.4.1). 
By a direct calculus we prove that 2° and 3° from this theorem hold, q.e.d 
The systems of functions 

(7.4.3) DT{N) = q^, Cf }, {a = 1, k - 1) 

is the system of coefficients of the A'^-linear connection D in the adapted basis. 
The converse of the previous theorem holds, too. 

Theorem 7.4.2 If the system of functions (7.4-3) are apriori given over every 
domain of a local chart on the manifold T*^M, having the rule of transforma- 
tion mentioned, in the previous theorem, then there exists an unique N-linear 
connection D whose local coefficients are just the system of given functions. 

Corollary 7.4.1 The following formulae hold: 
(7.4.4) 

D s dx' = -Hi^dx'; D 5 = -Hjjy(^>, {a = 1, ...k - 1); 

6x^ 5xi 
D § 5pi = H?.5ps, 

5x^ 

D g dx' = -CjJx';D ^ 5y^^^' = -Hi^5y^fi>,{a,P = l,...k-l); 
D § 6pi = Cfjdps; 

D g dx' = -C'Jdx^;D g Sy^"^' = Ci^Sy^'^>,{a = l,...k - 1); 
5pj 6pj 

D ^ 5pi = crsps. 

Spj 

Indeed, the formula (7.4.1) and the conditions of duality between the vector 
fields from the adapted basis and its dual 1-form basis lead to the formula 

(7.4.4) . 

7.5 The /i-, Va- and w^-Covariant Derivatives in 
Local Adapted Basis 

In the adapted basis a tensor field T can be written in the form (7.1.5): 
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S S 

(7.5.1) T = T;;--'---— ... - — O dx^' O ... (g) Spi^. 

Applying the operator of covariant derivation Dx for X = = X"^^^ 

and taking into account the formulae (7.4.1), (7.4.4) and the properties of the 
operator D^T = X^D^^ T, expressed in Theorem 7.2.3, we deduce 

Sx^ 



(7.5.2) D^T = X^'T'-f.-— (g ... (g — (g dx^' (g) ... (g) Sp. 



S S 



where 



(7.5.2a) 



rpii...ir Ji-'-Js , rphi2 ■ ■ -ir frii _i_ ■ rpii...h rrir 

rpil-.-ir- TtH rpii...ir Tjh 

h...js ■■■ ji---h jsm- 



The operator "" is called the /i-covariant derivative with respect to Dr{N). 
Now, we put X = X^" = X^'j-^, {a = 1, k). Prom (7.5.1) we deduce 

(7.5.3) = x-t;i::;: t J_ ^ ... ^ _i_ ^ dx^^ ^ ... ^ sp,^ 



a = 1, k — 1. 



where 



(7.5.3a) 



(a) ^yn...»r 

rpi\...ir I 3l"-3s I rphi2---ir/^il i j_ rpii . . .h /^'> 

(a) (a) 



(a) (a) 

(«) 

The operator | is called the Va -covariant derivative with respect to DT{N). 
Finally, taking X = X^" = Xi — , then D^^T has the form: 

OPi 

(7.5.4) D^'-T = XmT'l-fr-^ (g, ... (g, J_ ® dx^' (g) ... (g) (5ft,, 

where 

grpii...U 

31 ---js I X„ ft. ■■■ 31 ■■■3s h 

(7.5.4a) 

rpii...irChm mix . . .ir r^hm 

~^h...js ^1 ~ - ~ -'jl-ft • 



It is not hard to prove 
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Proposition 7.5.1 The following properties hold: 



ii...js|m' jl---js 



„ T;-;;:r,(a = i,...,fc-i) 



are d-tensor fields. The first two are of type (r, s + 1) and the last one is of type 
(r + l,s). 

As an application, the d-tensor field Qij has the h-, Va- and Wk- covariant 
derivatives with respect to the A'^-linear connection with the coefficients DT[N), 
given by: 



(7.5.5) 



(a) 



9i3 



gij\k 



6gr 



6x'" 



^~ X (l)m ~ ^imdhj " C^m9ih, (ck — 1, ••, k - 1), 
"y (a) (a) 

im _ ^9ij r'hm . _ /^hm 
9ij\ — '-^i 9hj-<^j 9ih- 

In a next chapter we shall determine the coefficients DT {N) from the con- 
ditions that Qij is covariant constant with respect D. 

(a) 

Proposition 7.5.2 The operators i , | and \ have the properties: 



Sf («) 



-^,(a=l,...,*-l),/P = ii 



2^ These operators are distributive with respect to the addition of the d-tensor 
of the same type. 

3° They commute with the operation of contraction 
4° They verify the Leibniz rule to the tensor product. 

(a) 

As an application we study the ( z ) -deflection tensor of £>r (iV) . They are 
defined by: 



(7.5.6) 



(a) (a) (a/3) (a)(/3) 



(a) (a) 



D}=zIj, D)=z' I .,(a,^ = l,...,fc-l), 



(a) 



where z^ ,{a = 1, fc — 1) are the Liouville d- vector fields. 
Evidently, they have the following expressions 



(7.5.6a) 



(a) (a) 
(a) X (a) . («/3) X I (a) 



(a) X -,i (a) 

6pj + ^ ^'"^ 
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Similarly, we introduce the (p)-deflection tensors by 

(a) (a) 

(7-5.7) I^ij=Pi\j, ^ij=Pi \j , fil=piY. 

We deduce: 

(a) 

The deflection tensors will be used in some important identities determined 

(") 

by the Ricci identities, applied to the Liouville d-tensor fields , and to the 
d-covector pj. 

Some remarks: 

1° In the adapted basis we can prove the equation 

Dx¥ = 0, VX e X{T*^M) 

2° A Berwald connection is an A'^-linear connection D with the 
coefficients 

(7.5.8) Br(7V) = (i3;.fe,0,...,0,0) 

where B^-^^ has the same rule of transformation as ifj^ from (7.4.2) and is de- 
termined by the nonlinear connection N . 

We have: 

Theorem 7.5.1 Any nonlinear connection N, with the coefficients 
{Nj,..., Nj ,Nij) determines the following Berwald connections: 
(1) (fe-i) 

(7.5.9) BT{N) = {d' Nij,0,..., 0,0) 

sn; 

(7.5.9a) Br(7V) = (^,0,...,0,0) 

Proof: The first one is given by the last formula (7.1.6) applying the deriva- 

tion 9*= -^—^ 9* and (7.5.9') is obtained from the first formula (7.1.6), applying 

the derivation 

6 _ dx"" 6 

If the base manifold M is paracompact, then the manifold T*^M is paracom- 
pact, too. Consequently, on T*''M there exist nonlinear connections. Therefore, 
we have: 

Theorem 7.5.2 // the base manifold M is paracompact, then on the manifold 
T*'^M there exist N -linear connections D. 

Indeed, on T**'M there exist nonlinear connections N. Applying the Theorem 
7.5.1 the conclusion follows. Q.E.D. 
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7.6 Ricci Identities. Local Expressions of Tensor 
of Curvature and Torsion. Bianchi Identi- 
ties. 

Let D be an A'^-linear connection with the local coefficients 

(7.6.1) DT{N) = {H}^,q^,...,C},,Ct) 

(1) (fe-i) 

The Ricci identities for a d- vector field X* can be deduced from the formulae 
(7.3.8) written in the adapted basis. But we can obtain them by a straighforward 
calculus. 

Theorem 7.6.1 For any N -linear connection D and any d-vector field X'^ the 
following Ricci formulae hold: 

(1) 

^\j\h~ ^\h\j - ^ jh- ^\m-^ jh- \m n 

(01) 



(7.6.2i 



(0,fe-l) (0) 



(7.6.22) 

(a) (a) (1) (a) 

yi I vi\ yni yi /^m f "V"i I Dm i vi tJ'm\ 

^\j\h - ^ \h\j- ^ ]h- ^\m'^]h- |m -Hj/jj- 

(a) (a) (01) 

(1) (fe-1) 

(a,l) (a,/c-l) (a) 



(7-6.23) r (1) ^ 

(7.6.24) 

(a) (/3) (/3) (a) (a) (/3) 

vi I I V* I I vni Q i vi I m i I m 

^ I i I ft I ft, I J— ^ ,^„,m jh~ ^ \ m ift + ^ \ m ftj" 

(a^a) (/3) (a) 

[ . (1) (1) . (fc-1) 1 

'-(S)"^^+'"+^^ ' "(S) "^''"'^'KSr'r 
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(7.6.25) 

[ (1) 1 

1 (al) ™ (c«,fe-l) (a) ™M 



(7.6.26) XYf - X^I^'P' = X-^S^ + X^r^^'', 



where all terms in R * , Rmih, B * •. , B i^h, B^^ are known from the Lie 

(Oa) (0) (a/3) (a) (0)™'' 

brackets (6.5.1). 



The coefficients DT[N) are given in (7.6.1). Supplementary we put: 



(7.6.3) r,^ = H]^-Hi,, S,^'=Ct-C^'. 



Here R^^j^, are called d-tensor of curvature of D and they have the expres- 
sions: 
(7.6.4) 

T> i _ ^ mh I tts TTl TTS zri i i T> s , 



(«) 



p i h "^J m _|_ TTS /^ih /^sh Tji \ r^i R^^- 

+ •••+ C i,, B f + Ct^Bj'.. 
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and 
(7.6.5) 



+ ■■■+ C l^, V ]^ + CZ,\s,h, (a < /3, a, /3 = 1, k - 1) 

(fc-l) (a/3) (a/3) 



(«) ' 

(a)'"^ ^Pfc ' (a)'"^^* ^'"\a)^^ ' (Y)'"^(al) 



Q i h V"'/ _i_ s t^iih r^s i \ i sh 



I . . . j_ ^ * -I- ^^^^ ^ 

(fe-l) (a,fe-l) (a) 



As usually, we extend the Ricci identities (7.6.2) for any d-tensor field Tj^"'j\ 
For instance, if g^^{x,y^^\ ...,y'^*'~^\p) is a d-tensor field, the Ricci identities 

of fif'-' , with respect to the A''-linear connection DV[N), are: 

(7.6.6) 

.. .. . . . . .. ..(1) 

9''\h\7n~ 9'']m\h = 9^^^s\m- 9''^^s\m- 9^]s'^\m- {9^^ \ s ^^^\m + 



gi3]hyn _ giiyn^h ^ gso g thru _^ gis g^jhm _^ gij \sghm^ 

In particular if Dr{N) satisfies the supplementary conditions: 

(7.6.7) g^'ih^O, 5'^^U=0, <?*^f = 0, (a =1,..., fc-l), 
then the Ricci identities (7.6.6) give us: 

9''Rs\m+9''Rs\m = Q^ 

(7.6.8) 9''Ps\m+9'%P,s\rn=0, 



gsig^ ihm ^ gisg^ ohm ^ 0. 



Some important identities are obtained applying the Ricci identities to the 
d -covector pj and to the Liouville vector fields (a = 1, k — 1). 
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Theorem 7.6.2 Any N-linear connection Dr{N) satisfies the following iden- 
tities: 
(7.6.9) 

( (1) (fe-i) 1 

I (01)-''' (o.fe-iy" (0) J 

(") (a) (a) 

(a) (a)-' 
f (1) 1 

1 (l/ (fe-l)^ '(o)''-' J 

(a) (/3) (/3) (a) (a) (/3) 

f(l) (1) (fc-1) 1 

- ^isC 'jH + ---+ A is C V+ fitB sjh \ , 

[ (a/3) (afi) («^) J 

(a) (a) 

^ij 1'^- A" 1 , = -PsS A^c.^- j5 ,sCf- 

■' •' (a) ■' (a) ■' ■' 

{ (1) 1 

1 (al) (c«,fe-l) (a) J 



The similar identities are obtained applying the Ricci identities to the Liou- 
ville vector fields ^^^^V 

Theorem 7.6.3 Any N-linear connection Dr{N) satisfies the following iden- 
tities, obtained from (7.6.2) for = z^°'^\- 
(7.6.10) 

(a) . (") . , ^ ■ (") - 

(al) (a. fc-1) (a) 

^ ^(0) (0,fe-l) (0) 



(a) (a) , , (") 

i3\h_ ih\^3 = z^<^)<>S;^^- j6 ^^S^^^, {a = l,...,k-l). 

Evidently, the whole theory from the present section is simplified if DT{N) = 

BT{N)={B'jf^, 0, 0, 0) is a Berwald connection, taking X'^^. = -j-r- -\-X''BIj, 

. (") 5X^ . . SX"- 

II i= ^11' = j^' 'ih ' II ' and 'II' being the h-, v^- and Wk- 

covariant derivatives with respect to BT{N). 

The Bianchi identities for the A'^-linear connection DT(N) can be obtained 
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using the methods described above. Namely, applying the Ricci identities to 



d-tensor field X*, . wc obtain: 



\h\m - \m\h — hm ~ ^\r^] hm ~ ^\r'^hm~ 

( (1) (fe-1) > 



rhm 



(01) ' (0,fe-l) I-* (01) 

If we cyclically permute the indices j, h, m and add the identitiessuch ob- 
tained we determine a first set of Bianchi identities: 
(7.6.11) 



Q J JD I _ 'T''l _ 'T''l 'T'r _j_ t P T _|_ /^tr D I A 



(jh 



fc-1 ^ 
a=l (") (Oa) (0) J 



(jhm) {(Oa) •^'^l'" (Oa) ""^ (a)-^ (Oa) ""^ (a)'' (0) J 

Jm) {Sf^>^^^ - i^f'^^h^ + £i (f)^^'^(O^)''^'" + (O)'^^^'''"" J " ^' 

(7.6.12) p; =7j;,+ B V. (« = l>•••>fc-l)• 

(«) jr («) 

In a similar way we have the second set of Bianchi identities: 
S {5'/J'''|™ - 5/^'' 5/™} = 0, 

{jhm) 

(7.6.13) 

S { S S ^^1^ ^ S = 

/.,\LS si ST) ' 

(i/im) 

where 5* is the cyclic sum. 

{jhm) 

Similarly, we can get the other Bianchi identities. 

7.7 Parallelism of the Vector Fields on the Man- 
ifold T*^M 

Consider a A'^-linear connection D on the manifold T*''M with the coefficients 
DT{N)={H^jf^, C 'jf^, C/''), (a = 1, fc - 1) in the adapted basis 

S S S 



' ' 6piJ' 

A smooth curve 7 : J — )• T*''M having the image in a domain of a local chart 
is given by 

(7.7.1) x' = x\t), = y(«)^(t), pi = Pi{t), {a = 1, k-l),tGl. 
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The tangent vector field 7= — can be written by means of (7.2.10), in tlie 
form: 

^ ' ' ' dt 5xi dt 5yW^ ^ dt JyCA-i)* dt dpi 

where, from (6.3.2), 
(7.7.3) 

5y^^dy(^ ,dx^ 
dt dt {if dt ' 

= + M^.-^ + •••+ M '-^ + M , 

dt dt (1)^ dt {k-2f dt (k-if dt 

5pi, ^dpi, _ dx^ 
k dt dt dt ■ 

Let us denote 

DX DX 
{7.1 A) D X = — , DX = -^dt, VX e X{T*''M). 

^ dt dt 

DX 

DX is cahed the covariant differential of the vector field X and — — is the 

dt 

covariant differential of X along curve 7. 
If X is written in the form 

X = X" + X^^ + ■ ■ ■ + X^"-^ + X^'' = 

(''•''•4^) _ (o)i s (1)^ S (fc-i)i S ^5 

fe* (5y(^)* (5y(fc-i)* ^ Spi 

. .H .Vi .Vk-i .Wk 

and 7 from (7.7.2) is 7=7 +7 H 1-7 +7 we have 

D ^ D" + D"^^ + ■ ■ ■ + D^"-^ + D'^K 

777 77 

Then DX has the final form: 

DX = [dX + X.l)j-+[dX + X.l^j^^+- + 

['■'■^) / (fc-i)i {k-i)s \ S 6 

+ [d X + X Lol^j^^+{dX,-X,u:t)—, 

where 

(7.7.6) a;} = H%dx^ + C)M^> + ' ' ' + ,f 1^2/^'"'^' + Cf5ps. 

The differential forms are called the 1 -forms connection of the connection 

D. 
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Putting 



dt dt {ly' dt (k-i)^' dt ^ dt 



DX 

the covariant differential — — along curve 7 is 

dt 

(7.7.8) 

DX _ I d X Lul\_6_ I d X (1)" ujI \ S 

"dT ~ 1 ~dr^ ^ di j S^^ \ ~dr^ ^ dt j SyWi + ' ' ' + 

V\ e^-D-^A s (dXj „ c^n <5 

^ ' dt ^ ^ dt] ^ V ^ 5pi ■ 



The theory of the parallelism of vector fields along curve 7, presented in 
the chapter 10, section 7 of the book [115], in the case k = 2, can be extended 
without difficulties for > 2. 

Consequently, we define the notion of parallelism of a vector field X{'y{t)) 

DX 

along curve 7, by the differential equation — — = 0. We obtain: 

dt 

Theorem 7.7.1 The vector field X, given by (7.7.4') parallel along the 
parametrized curve 7, with respect to the N-linear connection D, if and only 

(0)i (a)i 

if its components X , X , Xi (a = 1, k—1) are solutions of the differential 
equations 



(0)i 

d X iol „ 



(7.7.9) 



-dt'^Ut-^- 



By means of the formula (7.7.8), the proof of the previous theorem is imme- 
diate. 

The vector field X e X{T*'^M) is called absolute parallel with respect to 
the A^-lincar connection D if the equation DX = holds for any curve 7. This 
equations DX = 0, V7 is equivalent to the integrability of the following system 
of Pffaf equations 
(7.7.10) 

(0)i (0)s . (a)i (a)s . 

d X + X iol=0, d X + X u}l=0, (a = 1, k - 1), dXi - X^uj? = 0. 
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But the previous system is equivalent to 
(7.7.10a) 

(0)i (a)i 

X \j=X\j= 0, (a = 1, k - 1), Xi\j = 0, 

(0)j(/3) (a)ii0) m 

1-0, {a = l,...,k-l), X, 1^=0, (/3 = l,...,fc-l), 

(0)i (a)i 

X p' = X =0, (a = 1, k - 1), Xi\i = 0, 

which must be integrable. 

Using the Ricci identities (7.6.2) the system (7.7.10') is integrable if and 

(0)i {a)i 

only if the coordinates {X , X , Xi) oi the vector field X satisfy the following 

equations: 
(7.7.11) 

{a)s . {a)s . (q;)s . {a)s 

X Rs'jH = o, X P/jH = o, X n V' = o, X (|;^.V = o, 

^// = 0, x'^, ^^^^=0, (a = 0,l,...,fc-l;/3,7=l,...,fc-l) 

(/3) 

and 

^'^^^ ',7. = 0, x,p, = 0, X,P, ^ ^ = 0, X,S^^ = 0, 

(7.7.11a) 



X,S, " = 0, X,5, = 0, (/3,7 = 1, k - 1). 



The manifold T*''M is called with absolute parallelism of vectors, with respect 
to D if any vector field on T*^M is absolute parallel. 

In this case the systems of equations (7.7.11), (7.7.11') are verified for any 

(0)i (a)i 

vector field X with the coefficients {X , X , Xi) in the adapted cobasis. 
We obtain: 

Theorem 7.7.2 The manifold T*''M is with absolute parallelism of vectors, 
with respect to the N -linear connection D if and only if all curvature d-tensors 
of D vanish, i. e. 

R = P *=nP*''=n '? ' — i h _ 

(a) (a/3) ■< (a) 

0,5„^J'^ = 0, a,P = l, ...,k-l. 

The previous theory can be applied to investigate the autoparallel curves 
with respect to a A''- linear connection D. 

The parametrized curve 'y : t G I ^ 'y{t) G T*''M, is an autoparellel curve 
with respect to D if 7= 0. 
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By means of (7.7.2), (7.7.8) we obtain 
£) 7 _ 

S 



D 7= 

7 



dt 



(7.7.12) 



df^ 



+ 



dt dt I 5x 



- + 



+ 



'dt Jt 



dt dt ^ 
5 

+ 



(1)^ col 



dt dt J (52/(1) 



+ ••• + 



Sps w ■ 



dt dt J ^y(fc-i)' \dt dt dt dt J 6pi' 



Theorem 7.7.3 A smooth parametrized curve 7, (7.7.1) is an autoparallel 

curve with respect to the N-Unear connection D if and only if the functions 
x^{t), y(")*(f), Pi{t), (a = 1, k — 1), t £ I verify the following system of 
differential equations: 



(7.7.13) 



d^x" dx w; 

1 = 

df^ dt dt 



dt dt 



+ 



dt dt 



= 0, (a= l,...,fc-l), 



d 5pr _ 5ps_ujl_ _ Q 
dt dt dt dt 



Of course, the theorem of existence and uniqueness for the autoparallel 
curves can be formulated taking into account the system of differential equations 
(7.7.13). 



.H 



We recall that 7 is an horizontal curve if 7=7 . The horizontal curves are 
characterized by 



(7.7.14) 



x' = x\t), 



Sy 



(a)i 



dt 



0, (a = l,...,fc-l), ^=0. 



Definition 7.7.1 A horizontal path of an N -linear connection D is an hori- 
zontal autoparallel curve 7, with respect to D. 

. H 

So, a horizontal path 7 is characterized hy D .h 1 =0. Taking into account 
(7.7.13) we get: 

Theorem 7.7.4 The horizontal paths of an N -linear connection D are charac- 
terized by the system of differential equations 

(7-7.15) ^+^].^^=0, ^=0, (a = l,...,fc-l), ^=0. 

Indeed, (7.7.14) implies -j- = H^f^——. But (7.7.13) gives us the mentioned 
equations (7.7.15). 



Linear Connection on the Manifold T*'^M 143 

A parametrized curve 7 : 7 T*'^M is called Va-vertical at the point xq & M 
if 7=7 . It is analytically given by 

= xl = y^^^'it) =0, I3^a, pi=0, tel. 

A Wa-vertical path 7, with respect to D is defined hy D.v^ 1 =0. 

7 

In this case, the equations (7.7.13) are as follows 
(7.7.16) 



— = 0, — — = 0, iPy^a), -TT = and 
at at at 



dt dt {af^ dt dt 
Similarly, a Wfe-vcrtical curve 7 at the point xq G M is defined by the 
condition 7=7 . Analytically it is expressed by 

x' = 4, = y(")'(t) = 0, (a = 1, k - 1), pi = pi{t), t G I. 

A Wfc-path 7, with respect to D has the property D.w^ 7 =0. 

7 

The Wfe-paths, with respect to the A'^-linear connection D are characterized 

by 

dx' _ dy^^^' _ _ dy^''-^^' _ ^ 
dt dt dt ' 

(7.7.17) 

— -CI (xo,0,...,0,p) — — =0. 

In the case when D is & Berwald A''-linear connection the previous theory is 
a simple one. 



7.8 Structure Equations of a A/^-Linear Connec- 
tion 

Let us consider a A/"- linear connection D with the coefficients DV{N) in the 
adapted basis . 

It is not difficult to prove: 
Lemma 7.8.1 l'^ Each of the following object fields 

d{dx')-dx"'Aojl: d((5y(")*)-52/(")"A<, (a = 1, ft- 1); (i((5p.) + ^P-Awr 

is a d-vector field, except the last one which is a d-covector field. 
The geometrical object field 

doj] - A wj„ 

is a d-tensor field of type (1, 1). 
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Using this lemma we obtain a fundamental resiilt in the geometry of the manifold 
T*^AI and implicitly in the geometry of higher order Hamilton spaces. 



Theorem 7.8.1 For any N-linear connection D with the coefficients 
,C' C 



Dr{N) = j Hjf^, C^^ * ,Cl'^ ) the following structure equations hold: 



(0) 

(7.8.1) (") 

- A < = - (a = 1, A: - 1), 

d{6pi) + 5pm A wj" = - fli 

and 

(7.8.2) dw] - Acoi^ = -CI}, 

(0) (1) (fc-l) 

where f2*, 0% and fli are the 2- forms of torsion 
(7.8.3) 

(0) f 1 ''"^ 1 

(«) fc-i 

fi' = da;^' A P \- + E '^2/^'^^^' A P \ + 

(aO) ^ ^=1 (a7) 

+ <5y(«)^' A I Fj^da;™ + e| C^jm^y^^^"" + C^P^Vm | , (a = 1, fc - 1) 
dx^ A I i iJy^dx'" + V B ijmSy'-''^"' + Bij"'Spm] - 

)' ^ P ^ j being given by (5.4-8) and where flj are the 2- forms of 
curvature: 

fe-i 

^ = ^Rj\mdx'^Adx'- + Y,P/hmdx'^^6y^'^-^"^+ 

7=1 
k—1 k—1 

(7.8.4) + P.^^'dx^' A5pm+ E E 5 ,\™<Jy(")'' A 

Q</3 ("^*) 

+ e' ^ /rSy^-'^'^ A + A Spm- 

7=1 (7r ^ 

Indeed, by means of the exterior differential dSy^"^^ from (7.4.7), (7.4.8) and 
ij] from (7.7.6) we get the formulas (7.8.3) and (7.8.4). 
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These formulas have a very simple form in the case of Berwald connection, 

where C k = 0, Cf = 0. 

(a) J" ^ 

The structure equations will be used in a theory of submanifold of the Hamil- 
ton spaces, studied in chapter 9. 
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Chapter 8 



Hamilton Spaces of Order 

k > 1 



The Hamilton spaces of order 1 and 2 were investigated in the chapter 5 and 12 
of the book [115]. In the present chapter we study the natural extension of this 
notion to order A; > 1. 

A Hamilton space of order A; is a pair /fW" = (M, H{x,y^^\ ...,y^''~^\p)) 
in which M is a real n -dimensional manifold and H : T*^M ^ R is a regular 
Hamiltonian function on the manifold T*^M = T^^-^M X m T*M. 

The geometry of the spaces ijC^)"- can be developed step by step following the 
same ideas as in the cases fc = 1 or fc = 2 and using the geometrical theory of the 
manifold T*^M described in the last three chapters. Of course, T*^M being the 
dual of T'^M, the geometry of the Hamilton spaces of order k, H^''^'' = {M,H), 
appears as dual of the geometry of Lagrange spaces of order k, L^'^)" = (M,L), 
via a Legcndrc mapping. 

Therefore, in this chapter we study the notion of Hamilton space 
(M, H), the canonical presymplectic structure and canonical Poisson structure, 
Legcndrc mappings, the nonlinear connection and canonical metrical connection. 
We end with the Riemannian almost contact model of this space. 

8.1 The Spaces ff^^)" 

Let us consider the dual bundle (T*'' M , it*'' , M) . The local coordinates of a 
point u = {x,y^'^\...,y^^~'^\p), u e T*^M, will 

be denoted as usually by ...,y^^~^^^,Pi); (x*) being the coordinates 

of the particle x, t/^^-**, y^^~^^'^ are seen as the coordinates of the accelerations 
of order 1, k — 1, respectively and pi are the momenta. The coordinate 
transformations on T*'^M are given by (4.1.2), (4.1.3). 

On the manifold T*''M there are the vertical distributions T4_i C Vk-2 C 
■■■ C Vi C V and a vertical distribution Wk such that Vu = ® Wk,u, 
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Also, on the manifold T*^M there exist the Liouville vector fields V, 

(fc-i) 

r and the Hamilton vector field C*, linearly independent, expressed by 



.1.1) 



d 



Qy{k-l)i 



d 



(fc-1) 



r =2/« 



dy(k-2) 

d 



(2)i. 



Qy(k-l)i 



22/ 



(2)i 



+ • • • + (A: - 1)2/ 



Qy{k-l)i ■ 



and 
(8.1.1a) 



dpi 



Theorem 4.2.1 stipulates that these vector fields are globally defined on the 
total space of the dual bundle. 
The function 



(8.1.2) 



is a scalar function on T*^M . 

A Hamiltonian is a scalar function H : {x,y^^\ ...,y^''~^\p) G T*'^M 
H{x,y'^^\ ...,y^''~^\p) G R. 'Scalar' means that H does not depend on the 
changing of coordinates on T*^M . 

As we know, the Hamiltonian H is differentiable if it is differentiablc on the 

manifold T*^M = T*^M \ {0} (where is the null section of the projection 
TT**^) and H is continuous on the null section. Evidently, 

f*fcM = {(a;,2/(i\ ...,y^''-^\p) G T*^M\y^^\ ...,y^^-^\p are not all null} . 

The null section : M T*'^M, having the property -n*^ o = 1m can be 
identified with the manifold M . 



Definition 8.1.1 A regular Hamiltonian H : T*^M — >■ R is a differentiable 
Hamiltonian whose Hessian with respect to the momenta Pi, with the entries: 



(8.1.3) 



2 dpidpj 



is nondegenerate on the manifold T*^M. 



Of course, g'^^ from (8.1.3) is a d-tensor field, contravariant of order 2, sym- 
metric. 
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The condition of regularity is expressed by 

(8.1.3a) rank\\g'^\ = n, onT*Hd. 

If the base manifold M is paracompact, then the manifold T*''M is para- 
compact, too and on T*^M there exist regular Hamiltonians. 

The d-tensor field g^^ being nonsingular on T*^M there exists a d-tensor 
field Qij covariant of order 2, symmetric, uniquely determined, at every point 

u e T*'=M, by 

(8.1.4) gi^g^^ = . 



Definition 8.1.2 An Hamilton space of order k is a pair 
jj{k)n _ (^M,H{x,y^^\ ...,y^''~^\p)), whereM is arealn -dimensional manifold 
and H is a differentiable regular Hamiltonian having the property that the d- 
tens or field ,g'^ has a constant signature on T*^M. 

As usually, H is called the fundamental function and g*-' the fundamental 
tensor of the space 

In the case when the fundamental tensor g'^^ is positively defined, then the 
condition of regularity (8.1.3') is verified. 

Theorem 8.1.1 Assuming that the base manifold M is paracompact, then there 

exists on T*^M a regular Hamiltonian H such that the pair (M, H) is a Hamil- 
ton space of order k. 

Proof: Let F^*'"-^)" = {M,F{x,y^^\ ....y^^'^"*)) be a Finsler space of or- 
der fc - 1 on the manifold T'^-^M, where T^-'^M = 7r*^^ (T*'=M), having 
jij{x,y'-^\ .... y''-'"'^^^) as fundamental tensor. The manifold M being paracom- 
pact, the space i^C^^^)" exists. 

Then, the function 

H{x,y^^\...,y^''-^\p) = a7'^(x,y«,...,y('=-i))ftp,-, (a e R,a > 0), 

is well defined in every point {x,y^^\ ...,y^''~^\p) S T*'^M and it is a funda- 
mental function for a Hamilton space of order k. Its fundamental tensor field is 
a7*J'. Q.E.D. 

One of the important d-tensor field derived from the fundamental function 
H of the space is: 

(8.1.5) C'i'- = --d g'^=--ddd H, id=—]. 

Proposition 8.1.1 We have: 

(jijh ^ totally symmetric d-tensor field; 
^ C^^^ vanishes if and only if the fundamental tensor g^^ does not depend 
on the momenta Pi . 
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Other geometrical object fields which are entirely determined by the fun- 
damental function H are the coefficients C^"''' of the Wk -covariant derivation, 
given by 

(8.1.6) C/'^ = - iff,, (a 5^''+ / g^'- d 9=''^ . 

Proposition 8.1.2 l'^ are the components of a d-tensor fields of type 

(2,1). 

SP They depend on the fundamental function H only. 
3° They are symmetric in the indices j,h. 
4^ The formula 

holds. 

5° The Wk-covariant derivative of the fundamental tensor vanishes: 

(8.1.7) 5*^1^ = 0. 
The proof is not difficult. 



8.2 The /c- Tangent Structure J and the Adjoint 
A;- Tangent Structure J* 

For the Hamilton space of order k, iJ^'^)" = {M,H), the structures J and 
J* defined on the manifold T*'^M in the section 3, Ch.4 have some special 
properties. 

The fc-tangent structure is the mapping: 



(8.2.1) 




d 



= 0,j(d] =0. 



Locally, it is expressed by (4.3.2): 



The main properties of J are explicitly given in Theorem 4.3.1. 
Let X be a vector field on T*'°M, locally expressed by 



(0)i d 9 ik-i)i d _ 



Hamilton Spaces of Order k> 1 



151 



.i Q 

Here, d = 

1 

Consider the following vector fields X, X, X 



(8.2.3a) X= JX, X= J'^X, V= J'^-'^X. 

Taking into account (8.2.3), these vector fields have the form: 



1 (0)i d (k-2)i Q 

X=X TWTT- + ---+ X 



2 (o)i a (fe-3)i a 

^•2-4) X=X 7r7^ + ---+ X 



^y(2)i Qy{k-l)i' 



fe-1 (o)i a 



Qy(k-l)i- 

Now, the adjoint J* of J is defined by 

.2.5) J*{dx') = 0, J*{dy^^'>) = dx\ J* {dy^''-^'^') = dy^''-^^\ J*{dpi) = 0. 
J* is the following d- tensor field of type (1, 1): 

.2.6) J* = dx' ® —V + dy'-^^' ^ + • • • + dy^''-^'^' ~ 



J* is an integrable structure and ranA; J* = {k~ l)n. 
If w is an 1-form field on the manifold T*''M and 



(8.2.7) w = w i rfa;' + • • • + ^^'w^^ dy^^^-^^ + cj'dpi, 

then by means of J* we obtain a number of A; — 1 1-forms on T*^M: 

(8.2.8) i= J*w, ^w'= J*('=-i)a;. 

The vertical differential operators do, dk-2 are introduced in §4.3 by 

(8.2.9) do = J<^-^U, rffe-2 = 

where d is the operator of differentiation on the manifold T*^M . Wc know 
from §4.3 that these operators are the antiderivations of degree 1 in the exterior 
algebra A(T*'=M). 

The following formula hold: 

(8.2.10) d o d = 0, doc o da = a, (a = 0, 1, k - 2). 
We get: 
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Proposition 8.2.1 For any Hamilton space of order k, ifC^)" = [M,H) the 
1- forms (8.2.8) of the form dH are given by 

dfjH =pi dx'^, 

(8.2.11) Jpl dx^+ ^pl dy(')\ 



dk-2H =V dx'+ %P dy(^)' + • • • + c^2/('=-2)^ 

where 

. (0)_ dH (i)_ dH ik-2)_ dH 

Proposition 8.2.2 The following 2-forms depend only on the fundamental func- 
tion H of the Hamilton space 

ddoH = d pj Ada;*, 

(8-2.12) ddiH = d pi Adx' + d p] Ady^^">\ 



ddk-2H = d ^^pT Kdx^ + • • • + p ■ Adyf'^-^)'. 



We have, also: 



(8.2.13) do, o daH = 0, Va = 0, 1, k-2. 

Clearly, dd^H = 0, a = 0, k — 2 are closed 2-forms. 
As we know, the operator 

is not a vertical differentiation. 



Proposition 8.2.3 We have: 

f dk-iH is not an 1-form; 

if' Under a change of local coordinate on T*^M we have 



dk-iH = dk-iH + dH-^dx'; 



3° J* odk-i = dk-2- 
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8.3 The Canonical Poisson Structure of the Hamil- 
ton Space 

Consider a Hamilton space iJ^^)" — [M,H). As we know from the section 4 
ch.4 on the manifold T*^M there exists a canonical Poisson structm-e {,}fe-i. 
Besides this natural Poisson structure on the submanifold Eq of T*^M there 
exist a remarkable Poisson structure of the space 

Let (T*'=Af,7f*,T*M) be the bundle introduced in §1, ch.4. The projec- 
tion 7f* is given by 7f*(a;, t/'^\ y'^'^^^^p) = {x,p). The canonical section 
£70 : {x,p) e T*M (x,0, ...,0,p) G T*^M has the image So = Im ao, a 
submanifold of the manifold T*^M . The canonical presymplectic structure 
9 = dpi A dx^ has its restriction ^^o to Eo: given by Of) = dpi A dx^ in ev- 
ery point {x,p) £ So- The equations of the submanifold Sq being = 0, 
(q = 1, k — 1), then {x^,Pi) are the coordinate of the points {x,p) £ T,q. 

Theorem 8.3.1 The pair (So,^o) is a symplectic manifold. 

Proof: Indeed, 9o = dpi A dx^ is a closed 2-form and rank \\0o\\ = 2n = 
dimEo. Q.E.D. 

In a point u = (x.p) e So the tangent space TuTio has the natural basis 

(-- — 7,— — I , (i — 1, ...,n) and natural cobasis (dx^,dpi) . 
dx^'dpijj ^ ' ' ^ V ' ^'^u 

Let us consider J^(So)-modulc A'(So) of vector fields and J^(Eo)-module 
A"* (So) of covector fields on the submanifold Sq. 
The following J^(So)-linear mapping 
: A'(So) A** (So) defined by 

(8.3.4) SooiX) = ixeo,yX e Af(So) 



gives us 

(8.3.4a) So, (g^) = -dpi, So, = dx\ 

These equalities have as a consequence: 

Proposition 8.3.1 The mapping 3$,^ is an isomorphism. 

The Hamilton space iJ^^)" = (M, H), allows to consider the restriction Hq of 
the fundamental function H to the submanifold Sq, Ho{x,p) = H(x, 0, 0,p). 
Therefore the pair {M,Ho{x,p)) is a classical Hamilton space (cf. [115]) with 
fundamental tensor field 

g'^{x,0,...,0,p) = ^dd Ho. 
By means of the last proposition it follows: 
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Proposition 8.3.2 i° There exists a unique vector field Xho S A'(So) such 
that 

Xho is given by 
(8.3.5) ' ' 



dpi dx^ dx^ dpi' 

Theorem 8.3.2 The integral curves of the vector field Xhq are given by the 
canonical equations 

For two functions /, g G J^(So), let Xf and Xg be the corresponding Hamil- 
ton vector fields given by 

ixfdo = -df, ixgdo = -dg. 
Theorem 8.3.3 The following formula holds 
(8.3.7) {/, <?}o = OoiXf, Xg), V/, g e J-(So) 

Proof: We have 

0iXj,Xg) = {lXfe0)iXg) = Se,{Xf)iXg) = -df{Xg) = ~Xgf = 



Remark 1° The previous theory can be extended to the other Poisson struc- 
tures{,}„ , (a = 1,..., fc-1) (cf. [4]). 

2° The triple (T*'=M, H{x, y^''~'^\p), 0) is an Hamiltonian system in 

which is a prcsymplcctic structure. Therefore wc can apply Gotay's method 
(cf. M. de Leon and Gotay, [115]) taking into account and the considerations 
from the previous section, §8.2. 

The equations (8.3.6) arc particular. For a Hamilton space = (M,H), 

the integral of action, (see Ch.5): 

/■I dx^ 1 dx 1 d''~^ 

'^'^ = Jo t^^^"2^^"' d^'-'(fe^d^'* 

leads, via the variational problem, to the fundamental equations of the space 
jj{k)n^ i.e. the Hamilton- Jacobi equations 

dx' _ 1 dH 
dt 2 dpi ' 

(8.3.8) 

dpi _ l.dH d dH .fc_i d''-^ dH 

'dt ~ ~2 W ~ didyC^)' + ••• + ( ) ^^fe-i Qy{k-i)ii- 
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The energies of order k-1, ^{H) of the considered space has the expression 
and we have: 

Theorem 8.3.4 For a Hamilton space il^*')" = (M,H) the energy of order 
k — 1, £'^~^{H) is constant along every solution curve of the Hamilton- Jacobi 
equations. 



8.4 Legendre Mapping Determined by a Lagrange 
Space L(^)" = (M, L) 

Let L'*^'" = (M, L{x, y^^\ y'-'^-*)) be a Lagrange space of order k. It determines 

a local diffeomorphism (p : T^M — ^ T*^M which preserves the fibres. The 
mapping ip transforms the canonical fc-semispray S, (1.2.5), of iW" in the 
dual fc-semispray S'j, where ^ = (/3~^ and determines a nonlinear connection 
A''* on T*''M. But ip does not transform the regular Lagrangian L in a regular 
Hamiltonian, in the case > 1. We need some supplementary geometrical object 
fields for getting a regular Hamiltonian H from the fundamental fmiction L of 
the space L^^^". In this section we investigate the above mentioned problems. 

A point {x, y^^\..., y^''^) of the manifold T'^M will be denoted by 
(y(o) y(i)^ ^^^^y(fe)-) a,nd its coordinates by .... yC")*). 

The fundamental tensor of the space L^*")" = {M,L{y^°\ ...,y^''^)) will be 
given by 

(8.4.1) Gij = 



2 ' 



Proposition 8.4.1 The niMpping ip : u = (yW, y(^), y^*^)) e T'^M u* 
(a;,2/(i\...,2/('=-i\p) eT*''M given by 



(8.4.2) 



1 dL 

Pi 



2 ai/C^)' ■ 

is a local diffeomorphism, which preserves the fibres. 

Proof: The mapping (p is differentiable on the manifold T'^M and its Jaco- 
bian has the determinant equal to det \\aij\\ ^ 0. Of course, -K^{y'^^\ ...,y^''^) = 
7r*'=o^(y(0),...,j/W) = y(0). 

The diffeomorphism (p is called the Legendre mapping (or Legendre transfor- 
mation). 
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We denote 

(8.4.2a) p,= l_p_ = ^,(y(0),y(i),...,yW). 

Clearly, is a d-covector field on T^M. 

The local inverse diffeomorphism ^ = : T*^M — >■ T^M is expressed by 



5.4.3) 



y(0)i _ r^i ^ y(l)i _ ^C^)^^ ...^ y{k-'^)i = y{k-l)i 

y«* = e(x,t/W,...,t/('=-i),p). 



With respect to a change of local coordinates on the manifold T*''M, ^' is 
transformed exactly as the variables j/^'^-'' from the formulas (1.1.2). 
The mappings (p and ^ satisfy the conditions 

^ o <^ = U, ^ o ^ = 1 V, [)= (7r*'=)-i([/), [7= (7r'=)-i([/), [/ C M. 

Therefore we have the following identities 
(8.4.4) 

a,,(y(°),...,yW) = a^^(a=, yW, 2/('=-i),€(a., ^/W, ...,y('=-^),p)) = g 

and 
(8.4.5) 

The differential dip of the mapping Lp^ : Ty,(T^M) -i> T^(„)(r*'=M) in the 
natural basis is expressed by 

Theorem 8.4.1 The Legendre mapping (p : T^M — >• T*''M transforms the 

canonical k-semispray S of the Lagrange space 

(8.4.7) 
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in the dual k-semispray on T*''M: 



(8.4.8) 

+fce(x,yW,...,y('=-i),p)^^|3^+r;.(x,yW,...,y('=-i),p)^, 
with the coefficients from (8.4-3) and 



(8.4.9) 



+ {k + l)G^{x, y«, yC^-i), ^(a;, y« , y^'^-'\p))) 



Proof: If X e X{T^M) have the local expression 
then 

X* = (v.*X) («*) = X(0)^(«*)^. A + . . . + xW^(u*)^.^ = 
d 

+X('^)™(u*)aTOi(u*)-— 1„. in the points u* = ipiu). 

<jPi 

Consequently, 5| = (pt,S holds. 

Now, applying Theorem 5.3.1 we obtain without difficulties: 

Theorem 8.4.2 The Legendre mapping cp : T^M — > T*^M determined by a 
Lagrange space of order k, L*^*^)", transforms the canonical k -semispray S in 
the dual k-semispray 5| with the coefficients r]i. 5| determines locally a 
nonlinear connection N* on T*'^M with dual coefficients: 

(8.4.10) M* !. = -— i^,..., M* = - ^ 



(1) ^ dyW^'"'\k-i) ^ ayC^-i)-?' 
and 



(8.4.10a) 



6yWj ' 



where the operators ^ are obtained by means of the coefficients, (8.4-10). 

We may ask wether by means of the Legendre mapping (p we can transfer the 
fundamental function L of the Lagrange space L^'^)" to a fundamental function 
H of a Hamilton space of order k, H^''\ like in the classical case of = 1. 
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Remarking that the energy of order k, £^{L) of the spaee lC^)" is not a regular 
Lagrangian on T'^M, the Legendre transformation ip cannot apply £c{L) in a 
regular Hamiltonian on T*''M. Therefore it is necessary to look for another way 
to solve this problem. 

o 

Let us consider a fixed nonlinear connection N on the submanifold T^^^M 

o o 

in T'^M. The dual coefficients of N are denoted by M y'^'''^^'), 

M \{x,y'^^\ ...,y^^-^^). It is not difficult (cf. (1.4.7)) to prove that 
(fc-i) 



(8.4.11) feW^ = fcyW* + (fc - 1) M + • • • + M j„j/(i)'" 

(1) (fe-i) 

is a d- vector field at every point u = {x,y^^\ j/^*^^). 
The Legendre mapping 

ip:u& T'^M -^u* & T*^M,u* = {x,y'^^\ ...,y^''-^\p) transform 

y(fe)i 

in a d- vector field z at u*, given by 



.4.12) kt''^'=ke + (k-l) M 'y^''-^^"' + ■■■+ M ly^^^"" 

^ ^ (1) (fe-i) 



Let us consider the following Hamiltonian 

(8.4.13) 

(k)i 

H{x,y^'\...,y^''-'\p) = 2p,T -L{x,y^^\...J''-'\i{x,y^'\...,y^^-'\p)). 
Clearly, if is a differentiable Hamiltonian function on T*''M. 

Theorem 8.4.3 The Hamiltonian function H, (8.4-13), is the fundamental 
function of a Hamilton space of order k, ijC^)" and its fundamental tensor field 
is 

(8.4.14) 

5'^(x,j/W,...,y('^-i),p) = a^^(x,yW,...,j/('=-i),C(x,2/W,...,y('^-i),p)), 

Oij being the fundamental tensor field of the Lagrange space of order k, L^*^)" = 
(M,L). 

Proof: From (8.4.13) we have 

\/{k)j ■3y{k)m ■3\/(k)m y{k)j 

=Z +Pm d Z -Prn d Z =Z . 



Consequently, 



5'^(a;,2/«,...,2/('=-i),p) = -aa ^ = i^d z -- 
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It follows that if is a regular Hamiltonian and its fundamental tensor g''^ 
has a constant signature on T*^M. Q.E.D. 

The Hamilton space of order fc, ifC^^" = {M,H) is called the dual of the 
Lagrange space of order k, L^" = (M,L). 

Remarks. All geometrical object fields of the space 

ij(fe)", which are de- 
rived from the fundamental tensor field g"^^ do not depend on the apriori fixed 

o 

nonlinear connection A'"- Consequently, the geometry of the Hamilton space 
can be constructed by means of the dual fc-semispray 5*? and 
the fundamental tensor field g'^^ from (8.4.14). 

8.5 Legendre Mapping Determined by a Hamil- 
ton Space of Order k 

Let us consider a converse for the previous problem: being given a Hamilton 
space of order k, = {M,H{x,y''^\ ...,y^''^^Kp)) let us determine its dual 

like a Lagrange space of order k, L^^)" = (Af, L{x, y^^\ y^''^))- 

In this case, we start from the space ffC^)" and try to determine the local 
diffeomorphism in the form of (p~^ from (8.4.3). But y^'^)* is not a vector field 

. i 

on T''M and we can not define it only by the rf-vector field d H. As in the 

o 

previous section we assume that a nonlinear connection N on the submanifold 

T^-'^M in T^M is apriori fixed. The dual coefficients of TV being M \, .... M 

(1) ^ (fc-i) 

j they are functions of the points {x,y'^^\ ...,y'-'^~^'>) from T''~^M. 

Then the d-vector field z^''^^, given by (8.4.11) on T'^M can be considered. 
The mapping 

I. u* = {x,y^^\...,y^^-^\p) e T*^M u = yC^-^), yW) e 

T'^M, defined as follows: 

y(k)ij^ (x,yW,...,y(''-^),p), 
where ^ is expressed from the formula: 

kl {x,y^^\...,y^^-^\p) + ik-l) M (x,2/(i),...,2/('=-i))2/('=-i)'"+ 

(8.5.2) 

+ •••+ M (x,2/W,...,y('=-i))y(i)™ = ^ a i?. 
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Theorem 8.5.1 The mapping ^ is a local diffeomorphism, which preserves the 
fibres ofT*''M andT^M. 

* 

Proof: The determinant of the Jacobian of ^ is 

. j *i * 

det Wg"-^ {x,y^'^\ ...,y'^''~'^\p)\ \ ^ 0, since d ^ = g""^ and ■k*'^ = n'^o ^. q.e.d. 
The formulae (8.5.1) and (8.5.2) imply: 

(8.5.3) dt=9'' 

(8.5.4) = H{xJ'\...J^-'\p), 

g^^ being the fundamental tensor field of space 

The inverse mapping (fi: u = y^""^) , y^''^) e T'^M u* = 

{x,y^^\ ...,y^''~^\p) G T*'^M of the Legendre transformation ^ can be written 
as follows: 

(8.5.5) . 

p,=^ (y(0),yW,...,y('=-l),yW). 

^From here we deduce 
(8.5.6) 

where gij is the covariant tensor of the fundamental tensor g^^ of if^'^)". 

The Legendre transformation ^ maps the regular Hamiltonian H into the 

* 

differentiable Lagrangian L =^ (H): 

i(a;,y«,...,y('=-i),yW) = 2pi^W^-if(a;,2/«,...,2/(*=-i),p), 

(8.5.7) 

='P^ (y(°\y(i\...,?y('=-i),?y('='). 

Theorem 8.5.2 The Lagrangian L from (8.5.7) is a regular one. Its funda- 
mental tensor field is gij{x, y^^\ y^''~^\'P {x, y^^\ y^''~^\y^''^))- 

Indeed, , , . = 5) implies - , , . = th\- ^ +Pi- t; d H- 



Taking into account (8.5.4) it follows 
(8.5.8) p, = l_^, p,=<^,(x,y«,...,y('=-i),yW). 
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By means of (8.5.6) it follows 
(8.5.9) ai,{u) = = 5.^.(^,^(1),..., yCc-i),^ (^)), 

where u= (a;, yW, yW) G T'^M. Q.E.D. 

The Lagrange space of order k, L^'^)" = {M,L) is cahed the dual of the 
Hamilton space of order k. 

Remarks 1° Of course, the space i^'^)" = (M, L) is locally determined. 

* 

2" The relations (8.5.8) give us the geometrical meaning of the mapping 

* 

the inverse of the bundle morphism ^. 

It follows 

Theorem 8.5.3 We have the following local properties: 

Consider the Legendre transformation determined by the Lagrange space of 
order k, L^'^)" = (M, L) . Then, the dual Hamilton space of order k, = 

{M,H), L =^ {H) is defined by the local diffeomorphism f, the inverse of the 

local diffeomorphism ^ and H =<^ (L) is locally given by 

H{x, 2/(1), y^'^-'Kp) = 2piz('^){x, y(^\ y^''~'\y^''^)- 

-L{x,y('\...,y^''-'\y^% 

(8.5.10) 

yC^)* =t (a;,y(i),...,y('=-i),p). 

Indeed, as the Legendre transformation ip : T^M — >■ T*^M is defined by 
^p : (a;,y(i),...,j/('^'-i),?y('=)) e T^M {x,y^^\ ...,y^'''^\p) G T*''M, with = 

(a;,?;*^!) j/C")). It follows, locally, (p and ip^^ But H 

2 ay^'^'^ 

from (8.5.10) is H =<P (L). So, locally, H =^ (^ i?) and L =1 (<^ L) .Q.E.D. 

8.6 The Canonical Nonlinear Connection of the 
Space 

There exists a nonlinear connection A^* on the manifold T*'^M, which is deter- 
mined only by a Hamilton space of order k, IfC^)" = (M, H). 

Such a property holds in the case of Lagrange spaces of order k, iC^)" = 
{M,L), (see ch. 2). Namely, L^^)" determines a canonical k -semispray S and 
S allows to construct a nonlinear connection iV, which depends only on the 
fundamental function L (Theorem 2.5.2.). Since iC^)" defines the Legendre 
mapping (p from (8.4.2), (8.4.2'), then = ^ determines a bundle morphism 
and S is transformed in a A; -dual semispray 5| = Lp^{S). Theorem 8.4.2. shows 
that 5| determine a nonlinear connection A''* on T*'^M, which depends on the 
fundamental function L of the space 
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Considering the Hamilton space ijC^)" = (M,H), the dual of L^^)", its 
fundamental function H = ip{L) is built locally by means of L and by an apriori 

given nonlinear connection N on the submanifold T^~^M. The connection N* 

can be considered the A/^-canonical nonlinear connection of the space 

Assuming now that a Hamilton space of order fc, = (M, H) is consid- 

* o 

ered, we construct a bundle morphism ^, (8.5.1), (8.5.2), by means of H and N, 

and we determine locally the Lagrange space L^*^)" = (M, L) , where L =^ (H) 
is from (8.5.7). It is the dual space of The Legendre transformation 

* * 1 dL 

</5=^ , with <Pi= - - - ■ , transforms the /c-semispray 5 of L from (8.4.7) in 

2 dyy'^'^ 

the dual /e-semispray 5| from (8.4.8): 

(8-6.1) SI = ,(^)'^ + ... + (.- 1).^-^^^^ + k t ^ + ..A, 

where ^ is given by (8.5.2) and its coefficients are 

(8.6.2) = -S^^^U^y'"'' + -- + {k- ( + 
So, we have obtained: 

o 

Theorem 8.6.1 The dual coefficients of the N -canonical nonlinear connection 
N* of the Hamilton space of order k, are expressed as follows: 

(8.6.3) M]=-^-^,..., M ' - ^ 



and 

(8.6.3a) TV 



(iV ' (fc-i) ' 



where the operator ^ ^^^^ is constructed by means of the coefficients 

N N) given by the dual coefficients (8.6.3). 
(1) (fe) 

The previous theory was presented in the book [115], ch. 12, in the case 
k = 2. 

It is useful to prove the existence of a nonlinear connection canonically de- 
termined by the fundamental function of the Hamilton space 
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8.7 Canonical Metrical A/^-Linear Connection of 
the Space i^^^)" 

For a Hamilton space of order k, i/C^^" = {M,H), we consider the canonical 
nonlinear connection N determined in the previous section. 

6 6 6 



We consider also the adapted basis ( —-^ , ^ , • • • , -:—r, — tv- , d and its 

\6x' Sy(^^^ '(5y(fc-i)»' J 

dual basis 6y^^^^, 6y^^~^^'^, 6pi) determined by N and by the distribution 

Wk (cf. ch. 6). 

We can define a A''-linear connection D by its coefficients Dr{N) = C 

(a) 

jh,C^^), {a = l,2,...,fc — 1). Therefore the h-, t;a-,Wfc-operators of covariant 

(a) 

derivations with respect to D, denoted by 'j', ' | ', '|', can be applied to the 

rf-tensor fields on the manifold T*''M. 

1 ■ ' ■ J 

Therefore if g^^ = - d d H is the fundamental tensor of the Hamilton space 
H^k)n^ we have 

(8.7.1) 5- ^H+r^(l}r.H+9-C^,, (a = l,...,k-l), 

oph 

A TV-linear connection DT{N) is called compatible with the fundamental 
tensor g^^ of the Hamilton space of order k, = (M, H), (or it is metrical) 

if g'^^ is covariant constant (or absolute parallel) with respect to Dr{N), i.e. 



The previous equations have a geometrical meaning. Indeed, if the tensor 
field g^^ is positively defined and coi is a d-covector field, then 

||w||^ = S'-'WiWj 

is a scalar field. Then, locally, — = 0, along any curve 7 and for any 

dt 

parallel covector along 7, if and only if the equations (8.7.2) hold. 
As usual, we can prove: 

Theorem 8.7.1 1) In a Hamilton space of order k, = {M,H), there 

exists a unique N -linear connection D , with the coefficients DV{N) = 
= (ifjft, C' , C jh,Cf ) verifying the axioms: 
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N is the canonical nonlinear connection of H^^^^ . 
^ The fundamental tensor g^^ is h-covariant constant: 

(8.7.3) /^, = 0. 
3° fif'-' is Va-covariant constant: 

(a) 

(8.7.4) I ^=0, (a = l,...,A-l). 
g^^ is Wj~-covariant constant: 

(8.7.4a) g'^\^ = 0. 

5° DT[N) is h-torsion free: 

(8.7.5) Ti^=H;^-Hl^= 0. 
6° DT{N) is Va-torsion free: 

(8.7.6) 5 }^ = C - C ij = 0, (a = 1, k - 1). 

(") (a) (a) 

f Dr{N) is Wk -torsion free: 

(8.7.7) St = Ct - C^' = 0. 

2) The connection Dr{N) has the coefficients given by the generalized Christof- 
fel symbols: 

TTi -^„is f ^9sh , Sgjs Sgjh 
J^ih — off -TT -r 



2^ I Sxi 5x^ 5x' 



Ct = -\9is [d 9^'^+ g^'- d 5^'') 



3) This connection depends only by the fundamental function H of the space 
}j(k)n Qjyj^ canonical nonlinear connection N. 

The connection DT{N) with the coefficients (8.7.8) will be denoted by CT{N) 

and called canonical for the space 

The canonical iV-nictrical connection CT(N) has zero torsions T\, S 

Si'^ . Of course, we can determine all A/'-linear metrical connections of the space 
jj(k)n_ Therefore we consider the Obata's operator, [115]: 

(8.7.9) = \ {SiSi, - g^^g'^) , ^tL = \ i^'A + 9hm9'') 

and prove without difficulties: 
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Theorem 8.7.2 The set of all N -linear metrical connections 
DT{N) = (H]f^, C )h^cf) of the space ijC^)" are expressed by 

(a) 

(8.7.10) p'jh=Cih + KX,:h^ (a = l,...,fc-l), 

^ ^ (a) (a) (a) 

w/iere Cr{N) = {H)h, C )h,Cj^) is the canonical N -metrical connection and 

(a) 

XJ^, y and Zl^ are arbitrary d-tensors. 

It is important to remark that a triple ( X\, Y ]f.,Zj'^ ) determines by 
means of (8.7.10) a transformation of the A'^-metrical connections Dr{N) 

dT{n). 

The set of transformations {Dr{N) — )■ Dr{N) } and the composition of these 

mappings is an Abelian group. 

The last theorems lead to the following result: 

Theorem 8.7.3 There exists an unique N -linear connection DT{N) = 

= {H\, C ' , cf*), (a = l,...,fc — 1), metrical with respect to the fundamental 

tensor g*-' of the space ijC^)" having as torsion the d -tensor fields T^j^ (= 

~T\-), S \ {= - S \.), Sf' (= -S^^), apriori given. The coefficients of 
_ (") (a) 

DT{N) have the following expressions: 

(8.7.11) 

■jft is ( ^9sh 5gjs ^93h\ .'^ rj.m „ Tm , „ 



_ I rs ( Sgsh Sgjs _ _Sgjh_\ 1 , e m _ „ em 



(a) 



Now, consider the canonical A^-metrical connection CT{N) only. Then, we 
can write the Ricci identities, from Theorem 6.6.1, where T' ^ = 0, t = 0, 

(a) 

(a = 1, k — 1), 5^'' = 0. Since the metricity conditions (6.6.7) are verified it 
follows: 
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Proposition 8.7.1 The curvature d-tensor fields of CT{N) satisfy the identi- 
ties (6.6.8). 

Proposition 8.7.2 The tensors of deflection of the canonical N -metrical con- 
nection CT{N) satisfy the identities (6.6.9), with T^-^ = 0, S]^ =0, (a = 

(«) 

i,...,fc- 1;, 5,^'' = 0. 

Let be the l-forms connection of Cr{N) 
(8.7.12) a;^ = H}^dx^ + C ),5y^'^^ + ■■■+ C + Cf-^P^- 

(1) e^"!) 

Theorem 6.7.1 is vahd for CT{N). 

In particular, Theorem 6.7.2 for CT{N) holds, too. Namely: 

Theorem 8.7.4 The manifold T*'^M is with absolute parallelism of vectors 
with respect to the canonical N -metrical connection CV(N) if and only if the 
curvature d-tensors of CT{N) vanishes. 

Also, we have: 

Theorem 8.7.5 A smooth parametrized curve 7, given by = x^{t), j/^"^* = 
{a = 1, k — 1), Pi = Pi{t), t & I is an autoparallel curve with respect 
to Cr{N) if and only if the equations (6.7.13), are verified, u'^j being the l-forms 
connection (8.7.12). 

The horizontal curves of the space are characterized by the equations 

(6.714). 

The horizontal paths of H^''^"' are expressed by the equations (6.7.15) for the 
connection CT{N). 

The Va-vertical paths of H^''^"' are characterized by (6.7.16) and Wk -vertical 
paths are given by (6.7.17). 

The canonical A^-metrical connection CT{N) of the Hamilton space of order 
k, H'-''^" = {M,H) is h-, Va- and Wfc-torsion free if the d-tensors of torsion 
vanish: 



T]H = H]^-Hli=^^ ^'iH=Cjh-Clj = 0, (a = l,...,A:-l), 

(8.7.13) 

Therefore, we have: 

Theorem 8.7.6 The canonical N-metrical connection CT{N), with the coeffi- 
cients (8.7.8), of the Hamilton space of order k, ijC^)", has the structure equa- 
tions given by the equations (7.8.1), (7.8.2), (7.8.3) and (7.8.4) from Theorem 
7.8.1, in the conditions (8.7.13) and with l-forms w^j from (8.7.12). 

The Bianchi identities of CT{N) can be obtained from (7.6.11), (7.6.12), 
(7.6.13) by means of the conditions (8.7.13). 
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8.8 The Hamilton Space H^''^ of Electrodynam- 
ics 

The classical Lagrangian of electrodynamics has been considered in section 5 of 
chapter 2: 

in which m, c, e arc known physical constants, "fij{x) are gravitational potentials 
and bi{x) are electromagnetic potentials. This can be extended to the manifold 
of accelerations of order k, T'^M as follows: 

(8.8.1) L{x,y^^\...,y^''^) = mcjij{x)z^''^'z^''^' + '^bi{x)z^''^\ 
z(^)^ being the Liouville rf-vector field 

(8.8.2) kz^^">' = ky^^^' + (k- l)M\y^^-^^^ + ■■■+ M \y^^^^ . 

(if {k-l)^ 

The dual coefficients M*, M \ are given by the prolongation to T'^M 

(i)J' (fc-i)^ 

of the Riemannian structure 7?," = (M, 7ij(x)). 

Consequently, M ' depends on the variables (a;,w(^)); M \ depends on the 

(1) ^ (2) ^ 

variables (x,y(^\y^^^); M ] depends on the variables {x,y^^\ ...,y^''~^^). 

(fe-i) 

This is an important property, since ^^}> •••> ^^"^ ^® considered as the 

dual coefficients of a nonlinear connection N on the manifold T*^M, determined 
only by the tensor field ^ij {x) . 
It follows that: 

1) The Lagrangian L, (8.8.1), is well determined only by ^ij{x) and bi{x); 

2) L is differentiable on T'^M; 

3) L is regular: 

9^3 = \ dyik)idyim = mcjijix); 

4) The pair L^^)" = (M, L) is a Lagrange space of order k. 

It is called the Lagrange space of order k of electrodynamics. The geometry of 

the space gives us a good geometrical model for the Analytical Mechanics 

based on the Lagrangian of electrodynamics. So, the integral of action /(c) = 

1 rfic 1 d^x ° 
J L{x,—,--- )7T~7x)'^* leads to the Euler-Lagrange equations Ei (L) = 

g dt tv. at 

(2.2.1). The energy of higher order can be determined. The energy of order k, 
6^{L), satisfies the law of conservation. A Nother theorem, holds. 
In the same time the canonical A;-semispray S is given by 

(8.8.4) s = + 2y<'>-^, + • • • + %>«-^ - ik + l)G-^ 
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whose coefficients G*, calculated by means of (8.8.1) have the expressions 

1 ■■ ( / d \ d 
(8.8.4a) {k + l)G' = - — ^Ur' ^ 



with 



2mc \ yOyC'')^ J Sj/C^-i)^ 



(8.8.4b) ^ = ,^^^-+2,^^^^^ + ... + %^ 

and 

(8.8.4c) ^ = 2mc7..(a:)z('=)'^ + ^6,(xO. 

The Lcgcndrc transformation ^ : T''M T*^M determined by the Lagrange 
space of electrodynamics i^*^'", is defined by (8.4.2), (8.4.2'). This is: 

(^•^•^^ = \^ = rnc7i.(a;)^W'' + ^h{x). 

The mapping is a local difleomorphism. Its inverse ip~^ = ^ is given by 
(8.4.3), where 

(8.8.5a) 

mc I m J 

The canonical fc-semispray 5, (8.8.4) is transformed by Legendre mapping 
ip in the dual fc-semispray S^, from (8.4.8), with the coefficients rji from (8.4.9). 

Theorem 8.4.2 allows to determine, locally, the canonical nonlinear connec- 
tion AT* on the manifold T*'=M. 

As we remarked above the connection N of the prolongation of the Rieman- 
nian structure {M,jij{x)), with the dual coefficients M* (a;, y'-'^^), 

M Ux, v^^K y^''~^^ ) defines a nonlinear connection on the submanifold T^~^M 

in T'^M. 

Thus, the Liouville vector field z^^^'^ from (8.8.2) is transformed by the Leg- 

y(k)i 

endre mapping ip in the vector field z : 



{k)i 

(8.8.6) kz =kC + {k-l)Ml„y^^-^^"' + ---+ M l^y^^^"" 

(1) (fe-i) 

Let us consider the following Hamiltonian H, the dual of L: 
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(8.8.7) 

l/(x,2/«,...,y('=-i),p)=2p,r ' -L{x,y('>,...,y^'-'\a^,r^',...,y 
Wc can state: 



,(1) 



(fe-i) 



Theorem 8.8.1 We have: 

The dual of the Lagrange space of electrodynamics L^^)" = (M, L), 
is a Hamilton space ijC^)" = iM,H), (8.8.7). 

^ The fundamental function H of the space is given by 



P))- 



s.i), 



(8.8.8) H=-^\ {x)pipj - ^Y'Pibj + 



m-^ J 



5*^ H depends only on the point x and the momenta p. 
4^ H is the fundamental function of a Hamilton space of order 1, fl"" = 
{M,H). 

Proof: 1°, 2°. Applying theorem 7.4.3 and the formulas (8.8.5), (8.8.6) we 
obtain: 

z = — j'^{x) Pi bi{x) 



mc 



and 



L{x,y^'\...,y(''-'KO = rac^ii—l'' 



mc 



m 



Pi bi 

m 



Pj bj 

m . 



+ 



2e 



9 / J 



Pi hi 

m 



Substituting in (8.8.7) we have the equality (8.8.8). 

3*^ Looking at the function H one remarks that H does not depend on the 

variables y^^^*, 

4*^ is a Hamilton function on the cotangent bundle T*M and its Hessian, 
with respect to the momenta pi, has the matrix 7;~7*"'(2;) 



mc 



. So, the pair 



iJ" = {M,H) is a Hamilton space. Q.E.D. 

Remarks. 1*^ The Hamilton space if" = {M, H{x,p)) is the dual of the 

Lagrange space of electrodynamics = {M,L {x,y^^^)). 

2*3 fj(.k)n (jQ(,g depend on the nonlinear connection A'' of the prolongation 
of the Riemann space TZ" = {M,jij{x)). 

For the Hamilton space H" = (M, H) with the fundamental function H{x,p) 
from (8.8.8) we have a canonical nonlinear connection N, with the coefficients 



(8.8.9) 



Nij = lij{x)ph + - {biij + bj^i) 



dbi 



where hi\j = -^—j — bsj-j, Yjhi^) being the Christoffel symbols of the metric 



mc 
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The canonical A/'-metrical connection Cr{N) = {Hjf^, Cl ) has the following 

coefficients 

(8.8.10) H]^=l]h, Ct = 0. 

The geometrical object fields H, gij = — ^ij, Nij and Hh allow to develop 

mc 

the geometry of the space if" = (M, H). 

8.9 The Riemannian Almost Contact Structure 
Determined by the Hamilton Space 

Consider a Hamilton space of order k, H^^^^ = (M, H) having g^^ as funda- 
mental tensor field. Let A'^ be a nonlinear connection canonical associated to 
iJ^*^^", according to Theorem 8.6.1. As usually, we consider the adapted basis 

) and its dual basis {5x\5y^^^\ ...,5y^''-^^\5pi). 

Then, at every point u* = {x, y^^\ y^^~^\p) & T*'^M we can define the tensor 
(8.9.1) 

G= Qijdx' dx^ + gijSy^^^' Sy^^^^ + ■■■ + gijSy^''-^^' Sy^'''^^^ + g'^Spi Spj 

V 

G is the A?'-lift of the fundamental tensor g^^ of the Hamilton space of order 
k, = {M,H), (cf. §6.7, ch. 6). 

V 

Theorem 8.9.1 1° Q is a (pseudo)-Riemannian structure on the manifold 

T*''M, determined only by the space H^^^"- and the nonlinear connection N. 

The distributions Nq, Ni, Nk-2, Vk-i, Wk are mutual orthogonal 

V 

with respect to G. 

Indeed: l". Every term of G is defined on T*''M because gij is a (i-tensor 
field and 6x'^ , 5pi have geometrical meaning, i.e. they are transformed as 

V 

in (6.3.4), det || G || 7^ 0. 2°. This property is obvious, taking into account the 
form of G. Q.E.D. 

V 

The tensor G is of the form: 



G = G^ + G^'i + • • • + G^"-^ + G^^ 
(8.9.2) ^ g.^^^t ^ dx^^G^^ = gij5y^°'^^ (a = 1, k - 1), 

IQWu =gijSpi^Spj. 

Here G is the restriction of G to the distribution Nq = N*, G*^" is the 

V 

restriction of G to the distribution Na , a = l,...,k — 1 (A^fe-i = Vk-i) and 
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G^" is the restriction of G to the distribution Wk- Moreover, , G^" , G^" 
are rf-tensor fields. 

Theorem 8.9.2 The tensor fields G" , G^°, (a = 1, fc- IJ, G^>' are covari- 
ant constant with respect to any metrical N -connection DT{N). 



Indeed, using the considerations of this section, it follows DxG^ = 0, 

DxG^" = 0, DxG^" ^ and, consequently Dx G= 0. Q.E.D. 

The geometry of the (pscudo)-Riemannian space ^7**^71'/, can be studied 

by means of a metrical iV-lincar connection, presented in the section 7 of this 
chapter. 

As we know (§6, Ch.6) on T*^M , endowed with the nonlinear connection N , 
there exists a natural almost (A; — l)n-contact structure F , defined by (6.6.3), 
having the properties from in Theorem 6.5.2. The condition of normality of F 
is (6.6.5). Exactly as in Theorem 6.7.2 we can deduce: 

Theorem 8.9.3 The pair ^G,F^ is a Riemannian [k — l)n-almost contact 
structure determined by the space if^*^)" and the nonlinear connection N. 

The considerations from section 6.8, ch. 8 show that the nonlinear connection 
N and the fundamental tensor g^^ of the Hamilton space of order k, H^^^^, 

determine on the manifold T*^M, two important geometric object fields. One 

V V 

is the A/'-lift G from (8.9.1) and another one is F the almost {k — l)n-contact 
structure, given by (6.8.5). 

Namely, 

V 

By means of Theorem 7.9.1 it follows that F is a tensor field of type (1, 1) 

, V v3 V 

on the manifold T*''M given in (6.8.3), rank F= 2n and F + F= 0. 
The following version of the Theorem 6.8.2 holds: 

Theorem 8.9.4 For any Hamilton space of order k, ijC^)" = {M,H), endowed 

with a canonical nonlinear connection N the following properties hold: 

/v v\ 

r The pair ( G, F ) is a Riemannian almost {k — l)n-contact structure. 
^ The associated 2- form is 

9 = SpiA dx\ 
3° If the coefficients Nij of N are symmetric then 

= dpi A dx" 
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and 6 is the canonical presymplectic structure on T*^M. 

V 

The condition of normality of structure F is 



■fc-i 



J2d{Sy^''^'){X,Y) + d6pi{X,Y) 



i=l \_oc=l 



= 0, \/X,Y e X{T*^M), 



where A/v is the Nijenhuis tensor ofV- 

¥ 



Now, taking the local expression of the tensor field F: 



V 

F= 



-gij d <Sidx' + g'^ — ^ (g) 6pj 



and applying the theory of h-, Va- and Wfe-covariant derivative from §7.5, ch. 7, 
it follows: 

Theorem 8.9.5 With respect to a metrical N-linear connection DV{N), the 

(m v\ 

Riemannian almost {k — l)n-contact structure I G, F I is covariant constant, 
i.e. 

Dx G= 0, Dx F= 0. 

It follows that the geometry of the Riemannian almost {k— l)n-contact space 

' — J — ^ ^\ 

T*''M, Q, F 1 can be studied by means of the metrical AT-linear connection 

Dr{N). This space is called the Riemannian almost {k— l)n -contact model of 
the Hamilton space of order k, if'*^)". 



Chapter 9 



Subspaces in Hamilton 
Spaces of Order k 



In this chapter we shall study the geometry of subspaces in a Hamilton space 

, V 
fjWn _ (^M,H). A submanifold M of the manifold M determines a dual 

, V V 

manifold T*'^M- But the immersion i M does not automatically imply an 

, V 

immersion of T*''M, into the dual manifold T* M, like in the case of manifold 
r'^M into the total space of k tangent bundle T'^M, [94], since T*''M= T'^-'^M 
X V T*M ■ 

M 

Therefore, by means of the immersion i and by an immersion of the cotan- 

gent manifold T*MM into T*M we can define T*'^ M as an immersed sub- 
manifold in T*''M. Thus, the main geometrical objects fields on T*'^M induce 

, V 

the coresponding geometrical object fields on submanifold T*''M ■ The Hamil- 

y{k)m V V 

ton space H'^"''^ = {M,H) induces a Hamilton subspaces H = {M,H)- So 

we study the intrinsic geometrical object fields on H and the induced ge- 
ometrical object fields, as well as the relations between them. These problems 
are approached by means of the method of moving frame, used in the case of 

subspaces L = {M, L) in the Lagrange spaces of order k. 

9.1 Submanifolds r*^M in the Manifold r**M 

V 

Let M be a C°°— real, n-dimensional manifold and M be a C°°-real, m - 
dimensional manifold, 1 < m < n, immersed in M through the immersion 

V 

i -M^ M. Locally i can be given in the form 

i9t* V V 

(9.1.1) x' =x\u^,....,u"'), rank\\— ||= m, V(u") e{7CM 
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The indices i, j, h, r, s,p, q run over the set {1, 2, n}: the indices a, P, 7, ... 
run over the set {1, 2...m} and a, /3, 7, ...run over the set {1, ..n — m}. 

V V V 

If i :M— >■ M is an embeding, then we identify M with i{M) C M and say 

V 

that M is a submanifold of M. In this case (9.1.1) are called the parametric 

V 

equations of the submanifold M in the manifold M. 

, V V 

Let us consider the manifold T*^! determined by M, i.e. 
rp*k T^-'^ M XvT*M. A point UG T*^ M will be denoted by u= 

M 

{u,v^^\ ...v^^~'^\p) and its coordinates by ...,ti('^~-^^",Pc«)- A change 

of local coordinates on the manifold T'^M is given by 



(9.1.2) 



= lf{u^, ...,u™),rank 

ait" 



= m, 



7(1)" 



{k - l)i7('=-i)« = 



g,y{k-2)c 

du0 



.(1) 



+ 



(fc-1) 



Qy{k-2)a 
au('=-2)/3' 



(fe-l)/3 



V 



with 



du"' 



Remarking that T**^ : Man Man is a covariant functor from the category 

V 

of differentiable manifolds Man to itself, it follows that the immersion i :M— M 

uniquclly determines the mapping T*"! : T*'^M^ T*'^M (see Ch.4) analytically 
given by the equations 



(9.1.3) 



a;' = x'^{v}, u"*), rank 
(i)i ^ 



(fc- l)j/(fe-l)i = 



dy 



(k-2)i 



m. 



,(1)" 



+ 2 



dy 



{k-2)i 



Qy(k-2)i 

+ - 1) ^^/fc^ 



,(2)a 



...+ 



(k-l)a 



and 

(9.1.3a) 



5u« 



V 
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where 



(9.1.3b) 



dy 



(i)i 



dy 



(fc-l)i 



9m" 

We shall denote 



Qy{k-l-a)oi 



,(a = l,...,fc-2). 



(9.1.4) 



In order to obtain an immersion i* of T*''M= T'^-'^M x v T*M in T*'=M = 

M 

T^-'^M Xm T*M, it is necessary that i* to be of the form i* = T^-^i x /, 

with / : T*M^ T*M. Analytically T'^'-^i is defined by the equations (9.1.3). 
Consequently, taking into account (9.1.3"), it follows that the mapping / can be 
given in the form 

(9.1.5) p, = A'}{u)Poc,rank\\A'^{u)\\ = m, Vm = (m\ u") &udd 
We obtain 

Theorem 9.1.1 The equations (9.1.3), (9.1.5) define a local immersion 



i* :w= (m,v(i),...,i;('=-i),P) 



{x,y(^\...,y(>'-^\p). 



Proof. The Jacobian matrix of the mapping i* given by the equations 



V V 



(9.1.3), (9.1.5) at a point u£U is as follows: 



(9.1.6) J{i*). 





dx^ 



Qy(k-l)i Qy(k-l)i Qyik-l) 

du°' 
dA^ V 



Since the matrices 



dx"^ 











1^ 

A? 



du° 



and II A" (u) II have the rank m it follows that i* 



defines a local immersion. Q.E.D. 

The functions Af{u) from (9.1.5) are not arbitrary. They must satisfy some 
conditions. 
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Proposition 9.1.1 The following properties hold: 
1° 



(9.1.7) 



Bl^{u)A^{u)=6^^, 



S° Af{u) is a d-covector field with respect to index i, 
Af(u) is a d-vector field with respect to index a. 

Indeed, (9.1.7) follows from (9.1.3') and (9.1.5'), 2° pi being a d -covector 
it follows that Af(u) has the same quality with respect to index i. The same 
remark is valid for the index a of Af{u). 

Of course Bl^{u) is a d-vector with respect to index i and it is a covector 
with respect to index a. 

The previous properties allow to call B]^{u) and Af{u) the mixed d-tensor 

fields. Along M a mixed d -tensor will be given by the components ^^j^ jl 
having the property that it a rf-tensor of type (p, q) with respect 

to indices ai...ap, and ^i-.-Pq (to a change of coordinates on the submanifold 

V 

T* M and it is a d-tcnsor of type (r, s) with respect to indices ii...ir and ji-.-js, 
to a change of coordinates on the enveloping manifold T*'^M. 

Remark.The notion of mixed d-tensor will be extended in the section 3. 

As usual we set 



The differential di* of the immersion i* acts on the natural basis 

d d d 



,5") by the rule: 



(9.1.8) di* 



d 



d 



d 



and for the natural cobasis: 



d 

dx^ 



Jiz*) 



(9.1.8a) 



di* 



dx'', dy 



{k-l)i 



dpi 



J{z*) 



dx'^,...,dv'^^-^">°',dPo 



Therefore, it is not difficult to see that: 
1°. We have 



(9.1.9) 



a"= A°; d'; dpi = dAf P^ +Afd P« 



, V 

2° Along submanifold T* M the vertical distributions vi, ...,Vk-i,Wk arc 
subdistributions of the vertical distributions Vi, Vk-i,Wk from the manifold 
T^'M. 

1 fe-i , 

3° We have for the Liouville vector fields 7, 7 from T**'M the relations 
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(9.1.10) di*{7) =T,...,di*{\^) 

These equations will be applied in the theory of Hamilton subspaces. 

9.2 Hamilton Subspaces H in Darboux 
Frames 

Let ijC^)" = {M, H) be a Hamilton spaces of order k, its fundamental function H 

being defined on the manifold T*'^M and an immersion i* : r*'^M— >■ T*'^M given 
locally by the equations (9.1.3), (9.1.5). For a point u* = {x, y^^\ y^''~^\p) e 

T*''M and a point u= {u,v'^^\ ...,v^''~'^\p) € T*^ M with the property u* = 
i*{u) we obtain the restriction of the fundamental function H expressed by 

(9.2.1) Hoi*{u) =H {u),\/ugT*''M . 

V V 

It follows that H (u) is a differentiable Hamiltonian on the submanifold 

Consider the rf-tensor field 

v"/' 1 ■ fl V 

(9.2.2) 9 = - d"d^H on T*^M. 

V V 

^From (9.2.1) we deduce that at the points ue T*''M the fundamental tensor 
field g is given by 

(9.2.3) {u) = Af{u)A^{u)g'^{i* u). 
It follows from previous equality that 



(9.2.3a) rang g =m. 

Therefore we have: 

y{k)m y y 

Theorem 9.2.1 The pair H = (^,H) is a Hamilton space of order k. 

Indeed, this property is a consequences of the equations (9.2.1), (9.2.2) and 
(9.2.3) and the fact that Af{u^, ...,«"*) is a mixed rf-tensor, with rank = 

TO. 

The space H will be called the Hamilton subspace of the Hamilton space 



Jj{k)n ^ (M,iJ). 
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V V V 

In the point uGUC T*" M, the d-covector fields Af, {a = l,...,m) are 
defined by (w) = Af (w). So A\{u),..., A^{u) are finearly independent. They 
are called tangent covectors to T*'^ M ■ A d-covector uji{u*) , u* e T*'^M is 
called normal to T*''M in T*''M if u* = i*{u) and 

g'^ii*{u))Af{u)iOj{i*iu)) = 0,V«ef/C T*''M • 



V V 

Then we can determine a Darboux coframe TZ* , at every point u€U, of the 



form 



(9.2.4) n* = {u,Al{u),...,AY^{u)-Al{l),...,Ar'^iu)} 

formed by m-tangent d-covectors Af{u) and by n — m normal unit d-covectors 
Af{u), (a = 1, n — m), which verify the conditions: 



g'i{i* u)Af{u)Af{u) = 0, 

(9.2.4a) 

g'^ii* u)Af{u)A^{u) = 5"^, Vuecf 



Of course TZ* exists and it has a geometrical meaning with respect to the 

change of local coordinates on the manifold T^^T^ and T*^M a_nd with respect 
to the orthogonal (transformation of the normal (i-covectors Af) given by 

(9.2.5) Af{u) = cf{u)Ajiu), ||c|'(u)|| e 0{n - m). 

V 

TZ* is called a moving coframe on the submanifold T*'^M- The dual frame 
TZ of the coframe TZ* is given by 

(9.2.4b) TZ = {l,J^^{l),A],{l)}, 

where 

= 51, AIJ^ = 0, = 0, Af4 = <5|, 



(9.2.6) 



at every point we T*''M . 

So, TZ will be called the moving frame or the Darboux frame along the Hamil- 

v(fe)m 

ton subspaces iJ in the Hamilton space H^'^''". 
The conditions (9.2.4'), (9.2,6) imply 

(9 2 7) = ^''^I 

6"^A^ = g^^A"^ 
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Indeed, 

In the following investigation we use the Darboux frame TZ in order to rep- 
resent in TZ the d-tensor from the Hamilton spaces 
We get: 

Proposition 9.2.1 The fundamental tensor g*-' of the Hamilton space ijC^)" 
and its covariant gij are represented in the Darboux frame TZ by 



(9.2.8) 



9ij 



-^9c.p AfAl 



■S^-pAfA^ 



Indeed, the formulas (9.2.8) are consequence of (9.2.7) 
The moving frame TZ will be used in the next section in order to derive 
the Gauss-Weingarden formulae and Gauss-Codazzi equations of the Hamilton 

v(fe)m 

subspaces H in H^"'"^. 



9.3 Induced Nonlinear Connection 

Now, let us consider the canonical nonlinear connection N of the Hamilton space 
of order k, H^''> = (M, H). N has the dual coefficients (Mj, Mj , Nij). We 

(1) (fc-i) 

shall prove that the restriction of N to the Hamilton subspaces H = ^ Jl) 

V V 

determines an induced nonlinear connection N on the manifold T*'^M ■ 

V 

The nonlinear connection N is well determined by its dual coefficients or by 
means of its adapted cobasis (du«, fo^^)", ^t;^*-^)", 5 Pa)- 

V 

Definition 9.3.1 A nonlinear connection N is called induced by the canonical 
nonlinear connection N if the following conditions hold: 

(9.3.1) 

6 Pa= Bl5p^, 

The previous conditions have a geometrical meaning. In fact, to a change of 
, V 

coordinates on T*'^M the previous formulae are preserved. Tha same happens 
if we change the coordinates on the manifold T*'^M. 

V 

Theorem 9.3.1 The dual coefficients of the induced nonlinear connection N 
are given by the following formulae 

(9.3.2) M|= A<^ Mi, M| = A<^ , Ncis=N.i B% 

(1) (1) (fc-i) (fc-i) 
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where 
(9.3.3) 

V (97;('=-l)-?' 

and 

(9.3.4) N^,= NjiBi-^. 

Proof. The first equations (9.3.1) lead to M| du'^ = (dy^^)' + 

(1) 

Because of ^ ^^^^ = Bl^ and AfBjj = 5^ the last equality leads to (9.3.2): 

V V V 

M^= Af Ml, where M^ is given in (9.3.3), etc. 

(1) (1) (1) 

Remark that 

(9.3.5) <5y(")^ = + Mjdy^"-'^^' + ... + M'jdx^ , {a = 1, k - 1) 

(1) («) 

and 

(9.3.5a) = ^ rfu" + ... + ^ ; + Sidt;^")". 

We can prove: 
Proposition 9.3.1 The following formulae hold: 
dx' =Bldul^, 

SyWi = + Ai^Hfdu>^, 

(1) 

(9.3.6) _ 

Sy{k-i)i = + A^(i?|di;('=-2)'3 + ... + ff^ du'^), 

(1) (fc-i) 
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where 

(9.3.7) Al,Hf =Ml -Bl M^; AL, = -B^ M| , 

(1) (1) (1) (fe-i) (fe-i) (fe-i) 



(9.3.7a) AfH^0 =N0i ■ 

Proof. The formulae (9.3.5), (9.3.5') and (9.3.3) have as consequence the 

_ . V 

formulae (9.3.6). Also, we have AfHa^ = —A^^Spi =Npi ■ q.e.d. 

The previous expressions (9.3.6) is not convenient for us, because in the right 

hand sides we have the natural cobasis dw", dv'^^^^, dv'^'^~^^^. This means that 

the corresponding coefficients A^H^, (a = 1, fc — 1) do not have a geometrical 

(a) 

meaning. 

So, we prove: 

V , V 

Theorem 9.3.2 In every point ue T*'^M the following formulas hold: 
(9.3.8) 

dx^ = Bidu^, 

5yWi = Bi^5y^^^^ + Ai^Kjdul^, 
(1) 

(1) (2) 



Sy{k-i)i = 5^^^,(fe-i)/3 + ^^(is'«5^;(fc-2)^ + K^6v^''-^^^ + ... + du^) 
and 



^pfjv^ " -T -TLpuv^ " -r ... i\p 

(1) (2) (fe-l) 



5p, = A^^5Pp -AfH^pdu^, 
where AfH-a/3 is given by (9.3.7') and 



(1) (1) 



^ ' (2) (2) (1) (1) 



— ff" — H°' M'' — — ff" N'' 
j\p — iv^ ... i\ ^ . 

(fe_l) (fe_i) (1) (fe-2) (fe-2) (1) 



Of course, Nj^, iVg are the coefficients of the induced connection N. 
(1) (fe-i) 
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Proof. Taking into account the formulas (6.3.5) we have 

= 7V« - Suf^, (a = 1, k - 1). 

(1) («) 

So, Sy'^"^' from (9.3.6) is as follows 

V V 
(1) (1) (a-1) 

(2) (1) (a-2) 

V V 

(a-l) (1) (a) 

Identifying with Sy^"'^^ from (9.3.6): 

§y{a)i ^ + Ai^[Kf5v^''-'^^l^ + Kpv^''-'^^'^ + ... + Kfdu^] 

(1) (2) (a) 

we obtain the formulae (9.3.9). q.e.d 

The previous theorem has an important consequence. 



Corollary 9.3.1 With respect to the transformations of coordinates on the sub- 

.V _ _ 

manifold T*'^M and to the transformation (9.2.5), K^,..., and H-^p are 

(1) (fe-i) 

the mixed d-tensor fields. 

Generally a set of functions T^"''^"'-^{u) which are the components of a d- 
tensor in the indices ...and d-tensor in the indices a,/?,... and tensor with 

respect to the transformation (9.2.5) in the indices a, /?,... is called a mixed 

, V 

rf-tensor field on the submanifolds T*''M . 

For instance , A\ , Ai^, Af , Af, g^p , Qij ,5--^, Kj, Kj and H-^/s are 

(1) (fe-i) 

mixed d-tensor fields. The previous definition of mixed d-tensor fields can be 
extended to any geometrical d -object fields. 



9.4 The Relative Covariant Derivative 

In this section wc shall construct an operator V of relative covariant derivation 
in the algebra of mixed d-tensor fields. It is clear that V will be well determined 
if we know its action on the mixed d- vector field: 



(9.4.1) X'(u),X°(u),X°(u),Vu= {u,v^^\...,v^''-^\p)gT*''M . 

Definition 9.4.1 We call a coupling of the canonical metrical N -connection D 
of the Hamilton spaces of order k, H^'^^" = (M, H) to the induced nonlinear 
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V V V 

connection N, of the suhmanifold M, in the manifold M the operator D with 
the property 

(9.4.2) DX' = DX' modulo {(9.3.8), (9.3.8')}, 
where 

(9.4.2a) DX' = dx' + X'uj) 

and where loj are 1- forms connection: 

(9.4.2b) u] = H}f^dx'' + q^(5y(i)'' + ... + C}^ dy^''-^'''' + CfSpu- 

(1) (fe-i) 

V V V . 

Thus, in every point u e T* M, D X'' has the form 

(9.4.3) D X' = dx' +X^ u], 
where 

(9.4.4) ^j^H}i3 du"+ C]p Sv^^^^ + ...+ C]^ Cf 6 P^ . 

(1) (fe-i) 

Theorem 9.4.1 The connection one forms uj- of D are given by (9.4.4), where: 

(1) (1) (fe-i)(fc-i) 
4= C],B^0 + {C'K^, + ... + C\ )A^, 



(9.4.5) 



(1) (1) (2) (1) (fc-l)(fc-2) 



4= (^]hB^+ Ci^KfA^L^ 

(fe-1) (fc-1) (fe-2) (1) 

Proof. Using the formulae (9.3.8), (9.3.8'), wj modufo (9.3.8), (9.3.8') from 
(9.4.2") leads to 
(9.4.4a) 

W.f^B^du^+ C}f^iB^Sv(^^^ + A^Kfdu^) + ...+ 
(1) (1) 



Cj^ + A^iK^Sv^'"-'^^'^ + ... + dul^)]+ 

(fe-i) (1) (fe-i) 

CtlApPp -A^H^0du^]. 



184 



THE GEOMETRY OF HIGHER-ORDER HAMILTON SPACES 



Identifying with cOj from (9.4.4) we obtain the formulae (9.4.5). Evidently 

V 

the coupling connection D of the canonical metrical A^-conncction D, depend 
only on the fundamental function H of the space ijC^)" and by the immersion 

i* : T*^M in T*^M. 

V 

Of course, we can write D X'' in the form 

V (1) (^-1) V 

(9.4.6) DX' = X^^du" + X' |„ Sv^^^" + ... + X' |„ fo^*^"!)" + X^S Pa, 

where 

SX^ ■ v» 

(a) f)X^ V* 

(9-4.7) X^ \a=J^+X^Cja,{a = l,...,k-l), 

(a) 

V 

Wc can extend, without difficulties the action of the linear connection D to 
the d-tensors T^^-f{u), V ue T*'=M . 

, V 

Definition 9.4.2 We call the induced tangent connection on T*" M by the 

canonical metrical N -connection D the operator D"^ given by 

(9.4.8) D^X" = Af D X\ for X' = A^X"^ 
We can see that: 

(9.4.9) D'^X" = dX" + X'^w^, 
where are the connection one forms of : 

(9.4.10) = H'^^du' + C|^(5v(i)^ + ... + C^^ <5t;('=-i)T + C^^6 

(1) (fe-i) 

Theorem 9.4.2 1° The coefficients (H^^,C^^, C^^ ^Cf ) of the one forms 

(1) (fe-i) 
connection have the following expressions 



5A\ ^ V 

(9.4.11) = Afi--^ + C^^), (a = 1, k - 1), 

(a) (a) 



C7«^ = Af(a7 4 + A^C7t^). 
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V 

With respect of the change of local coordinates on the manifold T*"]^, 



the coefficients 



(1) (fe-1) 



V 

have the rule of transformation as the coefficients of N -linear connection on 
, V 

Proof. 1° The equalities (9.4.8) and (9.4.9) imply 

dX" + Xf^wl = A1{dX' + = + ^\)XP + A'^dx^] 

Consequently, 

(9.4.12) uj'l=A':{dA^p+'^]A]^. 

Thus, the equalities (9.4.4), (9.4.10) and (9.4.12) lead to the form (9.4.11) 
of the coefficients of induced tangent connection . 

V • 

2° Using the rule of transformations of the coefficients of ui ^- it follows 
the sentence 2° of theorem . q.c.d. 

V 

As in the case of D we can write: 
(9.4.13) 

(1) (fe-i) V 

D'^X'' = X^fidu^ +X'^ \ p5v^^^^ + ... + X'^ I p5v^''-^^^ +X"f5P0, 

where 

(a) AY" 

(9.4.14) X" I ,= ^ + X^CI^, (a = 1, ...k - 1), 

(o) 

Evidently, the induced tangent connection depends on the canonical N- 

* . 

(a) 

■ators ,,|^" , 

extended to the tensor fields T'^j^"^°('") 



, V 

metrical connection D and depends on the immersion i* : T*''M^ T*''M. 

(a) 

This operator D^, as well the operators ,,|^" , \ -y " ,J''"' can be 

/V, 



, V 

Definition 9.4.3 We call the induced normal connection on T*" M by the 
canonical metrical N-connection D, the operator given by 

(9.4.15) D^X" = AfD X\ for X' = A^X'^. 
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As before we set 
(9.4.16) X" = dX" + A|, 

with the connection 1-forms of D^. 



(9.4.17) = H^ dv? + (5z;(i)t + ... + C| Sv'^'"''^^^ + . 

^ ^ ? 01 Pi 01 ' 

(1) (fe-1) 

V 

Applying the same method as in the case of D and we can calculate the 
coefficients of the 1-forms connection u)^. 

Theorem 9.4.3 The coefficients (F|^, C|^, , CH'^) of the induced nor- 

(i) [k-i) 

mal connection are given by 

^f. = ^^(^+^^^-)' 

(9.4.18) =Afi-^+A^C jg, (a = 1, k-1), 

(a) (a) 



c^^ = Af(9^4+4c^ ). 

Proof. Indeed, (9.4.15) and (9.4.16) have as consequence: 

(9.4.19) u;f = Af{dA^ + A^^',). 

V . 

Therefore, u> j from (9.4.4) and uj^ expressed in (9.4.17) substituted in the 

equality (9.4.19) leads to (9.4.18). q.e.d. 

As usual, we may set for the induced normal connection 

_ _ _ V 

(9.4.20) D-^X" = X|^rfu'' + X« |;3 + + |^ Sv^'"''^^^ + X^'fS 

with 

_ SX"" — — 

(9.4.21) X^ ,= ^ + X^C^„ (a = 1, ...k - 1), 

(a) 

X^\0 =90 X"+X^C^'^. 
These are the induced normal covariant derivations. 

Now, we can define the relative (or mixed) derivation V introduced at the 
begining of this section. 
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Definition 9.4.4 A relative (mixed) covariant derivation in the algebra of mixed 
d-tensor field is an operator V which has the following properties. 



(9.4.22) 



Vf = df,^feT{T*^M) 



V 



for any mixed vector fields and X^iu). 

V* - 

The connection l-forms uj^ , uj^ and uj^ will be called the connections 1- 
forms of the relative covariant derivation V. Of course, the operator V can be 
extended to any mixed d-tensor T'---"---f (u), uG T*^M ■ 

We can write the Ricci identities for the relative covariant derivative V, 
and its torsion and curvature tensor, taking into account every components 

D, -D'^,and of V. 

Then, it is easy to prove: 

Theorem 9.4.4 The structure equations of the mixed covariant derivation V 
are as follows: 

(0) 

d{du'') -du^ Auj'^ = - Q", 



(9.4.23) 



and 



(a) 

rf(rfi;W") - JuW'' A = - Q", {a = 1, k - 1), 

d{S Pa) -SP0 Aoj^ = 



d{w'j)- iJj A - O}, 
(9.4.24) rf(a;^)-a;^Aa;« = -0^, 

d{u;f)-u^ALO^=-a^, 

(a) 

in which fl" , and f2„ are the 2-forms of torsion: 
(9.4.25) 

(0) 1 V 

f2«= dul^ A {-T^^du^ + C^/i;(i)T + ... + Cf,^ 5v^^-^^^ + C^'^S P^}, 
^ (1) (fe-i) 

(a) fc-1 

0"= duf^ /\P0+ T, ^v^^^^ + ^v'^"''^ A {H^^du'+ 

(aO) ''=1 {ab) 

+ E C^-^Sv^"^'' + P^}, {a = 1, k - 1), 

6=1 (6) 
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with from (5.4.8) and where the 2-forms of curvature are given by 

(ab) 

k — 1 

fl]= 1 R \ ^^du'' A du''+ J2 P)ap du'' A dv^''^<'+ P /Jdu'^ ASPfi + 

^ a=l (a) 

+ E S)„p dv^'^^" Adv^^^f'+Y.'s- J' dv^'^)'' A5p,3 +\s P^sh 
(9.4.26) 

, fe-1 
f2« = -R^ ^^du< A du'f+ ^ P^ ^^du< A Sv^"-^"^ + P^:^du' A5p^ + 

o=l (a) 

+ ^^'J^^'"^^ A 5v^^'^^+ A 5 P^ +\sp''5 P^ AS P^, 

a, 6=1 a=l 
^ fe-1 

0« = -P| rfuT A du'^+ V Pf duT A dv^"^"^ + P/ '^duT A6p^ + 

a=l (a) 

+ '^^'^"^^ A Y: dv'^"^^ ASh +l:S^'''^S P^ Ad P^ . 

The previous equations can be particularized in the case when the induced 
tangent connection D"^ has vanishing tensors of torsion T''^^, ^"0j ^^'^ ^a'^ ■ 

In the foUowing we shall adopt the notations 

(9.4.27) a,- =0i 9hj , = fiZ 9^0 , = ^l^^0- 

These covariant 2-forms of curvature of the mixed covariant connection V 

, V 

will be useful to write the fundamental equations of the immersion i* : T*'^M^ 
T^M. 

As a direct consequence of the Theorems from the present section we get: 
Theorem 9.4.5 The mixed covariant derivation W is a metrical one, i.e.: 

(9.4.28) Wg'^ = 0, V(5"'' = 0, V =0. 

V 

Proof. The first formula is immediate, because of V^*^ =D g^-' =0 while 

Yjap = 0, V 5 =0 can be proved by means of Gauss- Weingarten formulas, 
given in next section. 
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9.5 The Gauss- Weingart en Formula 

We need to study the moving equations of the Darboux frame: 

(9.5.1) n = {u,Al,{u), A^{u)},yu& T*''M • 
So, we obtain 

Theorem 9.5.1 The following Gauss-Weingarten formulae hold good: 

(9.5.2) v4 = ^^n«, v^^ = -^in§, 

where 

nf = Hl^du-^ + h1^6v^^)^ + ... + + P^, 

(0) (1) (fc-i) 

(9.5.3) ^ ^ ^ ' 

and where 



_ - <:Ah V 

(0) 



(a) (a) 



V V V 

with H^^, Cj!^ and Cj'^ are from (94.5). 

(a) 

Proof. Taking into account that A^^ is a mixed d-tensor we have for its 
relative covariant derivation: 

V V 



V V 

-A\Al{dA\^ uj>} Ai) = dAi^ + Ai u] - 

~{5i - 44)(rf^^+ L,^ Ai) = A^Al{dAh^+ ^ Ai). 

So, we get 



V 



(9.5.5) n« = A^(dA^+u;X) 

Remarking that 
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V 

and cOj is from (9.4.4) we obtain 

= A-Ji^ + Ai H^,)du^ + + Ai C^^,)6v^'^^ + ... 

<:Ah V ■ ^ V 

- + + ^» C% )5v^'-'^f^+ {dP Al + A^^ Cf)8 . 

(fe-i) (1) 

The last expression of the 1-forms ^e written as in (9.5.3) with the 

coefficients (9.5.4). 

In order to prove the second formula (9.5.2) we remark, using the same 
method, the formula 

(9.5.6) X7A^ = A:^[A^{dA^ + A^ J^)] = -A^U^. 
So, we have 

(9.5.6a) = -A'^idA^ + A^ 4). 

The second relation between the 1-forms 11^ and n§ is proved without dif- 

V 

ficulties by means of the equations Vflii = 0, V 9ai3= and V^a^S ~ 0' which 
will be proved in the next Lemma, q.e.d 

Lemma 9.5.1 The following properties of the relative covariant derivation v 
hold: 

(9.5.7) V 9^j = 0, V9ap = 0, V^a^ 0. 

Evidently, the equation VSij = is immediate. After the formula (9.2.8') 
we have 

(9.5.8) L/3=5*j-4a^'^, ^ais = 9vA^,A^ 

V 

So, using (9.5.2) and S/Qij = 0, we obtain v 9ai3= ^^V^ci^ = 0- Q-e.d. 

Remark 9.5.1 1° Theorem 8.4-5 is a consequences of the previous Lemma. 
2^ Because of gijA^^AL = Q, applying the operator V "we get by means of 

_ V 

fj a /3 a 

imply the second formula (9.5.3). 



(9.5.2) that (n^AI,^! - ^L^in^) = 0. But, this is (J-^n" =fl„^ which 



The formulae (9.5.4) allows to prove that the coefficients 
(9.5.9) hI^,hI^,-. K '^f" 

(0) (1) (fc-l) 

are mixed (i-tensor. They will be called the second fundamental tensors of the 

Hamilton subspace if('=)'"= {m,H) of the Hamilton space = {M,H). 

As an application of the previous considerations we get: 
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Proposition 9.5.1 We have 

V V 

(9.5.10) ^ij= — ^jij ^afi = -^0a, ^cip — ~^ffa 

The proof follows the same way as for the covariant curvature 2-fornis Clij 
of a metrical connection. 

V 

Let us consider a parametrized smooth curve c on the Hamilton subspace 

V V V V 

jjik)m_ (^jj^^jjy Locally c can be given by 

V 

A tangent vector along c is given by = A^^X". 

V 

But, along curve c ,we have 

(9.5.11) ^ = ^^n-x" + AL^ 

X/X'^ V \/X^ — S/X^ 

— ; — = along c, implies — ; — = AiJI"X". This means that — ; — is normal 
dt ^ ' ^ dt " " dt 

V 



to the subspace H^''^^' 



V 



We say that the subspace H^'^^"' is totally geodesic in the space iJ^*')" if 

V 'uX'" SjX^ 
along any curve c , — - — = implies — - — = 0. The geometrical meaning of 

(Jill CiiL 

the condition is evident. 

V V 

Theorem 9.5.2 The Hamilton subspaces of order k, H'-'^'"= (HM) is totally 
geodesic in the Hamilton space of order k, H^''^" = {H, M) if and only if, the 
second fundamental tensors H^^, H^^,..., H^^ jH^'^ vanish. 

(0) (1) (fc-l) 

Proof. If the second fundamental tensors vanish then 11^ identically vanish 
and by (9.5.11) it follows that = imply = 0, for any X* = 

Conversely, the condition — - — = — - — = for any X' = X" and 

UjJj (XT/ 

the formula (9.5.11) leads to IT" = 0. Taking into account (9.5.3) and the fact 

V 

that c is arbitrary, it follows that all second fundamental tensors vanish. 



9.6 The Gauss-Codazzi Equations 

V V 

The Gauss-Codazzi equations of a Hamilton subspaces of order fc, ij('=)'"= (jvJf 

, H) in the Hamilton spaces of order k, 7?^=)" = (iJ, M) endowed with a canon- 
ical metrical iV-conncction D, are obtained from the integrability conditions 
of the system of equalities (9.5.2). We can deduce these equations using the 
structure equations (9.4.23) and (9.4.24). 
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V 

Theorem 9.6.1 The Gauss- Codazzi equations of the Hamilton subspaces 
in the Hamilton spaceH^''^"' are as follows: 

(9.6.1) A^A^ flij = A n^, 

V 

where U^-p =9^-1 HI. 

Proof. Consider the first equations (9.5.2), written in the form 

(*) dAi + A^„4-4'^a = ^irn^- 

By exterior differentiation of the both side of this equation we get: 

(**) dA>^^ +Aid 4 -dA}, A - A^dwf = dAi^ A + A^^dU^. 
Looking to the equaUty (*) and at: 

(***) dAi, + 4 -A^l = -4n^, 

the equality (**) becomes 

(9.6.2) - 4 a] +A^ini + 4 A n«) = AUdK + nf a a;f - a wf). 

Now, multiplying (9.6.2) by gihA^ =5/37 ^7 obtain the first equations 
(9.6.1). The same operation, taking the factor QijAL = d^Af leads to third 
equation (9.6.1). Of course, to deduce the second equations (9.6.1) we will take 
the exterior differential of both sides of equations (***) and apply the same 
method, q.e.d. 

In order to obtain the system of all fundamental equations of the subspaces 

V (0) (a) 

^(fe)mjjj jjik)n^ must find the relations between the torsion 2-forms f2',f2' 
, (a = 1, fc — l),fli of the canonical metrical A/'-connection D of ijf'^)" and 

(0) (a) 

the torsion 2-forms O", Q", (a = 1, k — 1), Oq, of the relative connection V. 

Therefore, we obtain: 

Theorem 9.6.2 The fundamental equation of the Hamilton subspaces of order 
^ V V ' 

k, ij('=)»"= (jvf , H) in a Hamilton space of order k, = (M, H) endowed 

with the canonical metrical N-connection D are: the Gauss-Codazzi equations 
(9.6.1), as well as the following equations: 
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(0) 

d{dx') - dx^ Aoj'j =n\ modulo (9.3.8), 

(a) 

d{5y'^'')^) - 5y^''^^ A = - Vt^ modulo (9.3.8), (a = 1, k - I), 
d{6pi) +Spj Aiol = -fli, modulo (9.3.8'). 

We end here the theory of Hamilton subspaces of order A; in a Hamilton 
space of the same order. 

We underline the importance of this theory for applications in the Higher 
Order Hamiltonian Mechanics. 

V 

The particular case m = n — 1 of the hypersurfacesM in M can be obtained 
from the previous study without difficulties. If fc = 1 we have the theory of 

V V V V 

Hamilton subspaces H"= {M, H {x,P) in a Hamilton space il" = (M, H{x,p)). 
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Chapter 10 



The Cartan Spaces of Order 
k as Dual of Finsler Spaces 
of Order k 

The geometry of Finsler spaces of order k, F^'^^" = {M,F{x. i/-^\ ...,y^'^'>)), 
studied in chapter 3, is a particular case of the geometry of Lagrange spaces of 
order fc, L(*^)" = (M, L(x, y'''^)). The fundamental function F being a 

fc-homogeneous regular Lagrangian on the fibres of the bundle T^M. 

As we know, the 'dual' of the space via Legendre transformation 

Leg, is a Hamilton space of order k, ijW" = (M, H{x,y^^\ ...,y^''~^\p)). 
In this chapter we will prove that the restriction of the mapping Leg to the 
Finsler spaces of order k determines a new class of Hamilton spaces of or- 
der k, that are called the Cartan spaces of order k and are denoted by C^*')" 
= (M,if(x,yW,...,y('=-i),p)). 

Also, the spaces are the Hamilton spaces iJ^*^)" = (M, H) in which the 
fundamental function K{x,y^^\ ...,y^''~^\p) is regular and fc-homogeneous on 
the fibres of the dual bundle T*''M. 

For the spaces C*^*^-*" it is important to determine the fundamental geomet- 
rical object fields which are important in their differential geometry. 

10.1 C(^)"-Spaces 

Definition 10.1.1 A Cartan space of order k > 1 is a pair 

C{k)n = 

= {M, K{x,y^^\ ...,y'^^~^^ ,p)) for which the following axioms hold: 

i" K is a real function on the m,anifold T*^M , dijferentiable on T*^M and 
continuous on the null section of the projection tt**^ : T*'^M — > M . 
^ K>0 on T*^M. 

^ K is positively k-homogeneous on the fibres of bundle T*'^M, i.e. 
(10.1.1) K{x,ay''^\...,a''-'^y''''-'^\a''p) = a^K{x,y^^\...,y^^-'^\p), Va e R+. 
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4^ The Hessian of K^, with respect to the momenta pi, having the elements 

(10.1.2) 9'^ix,y^'\...,y^'^-'\p) = \ dd 

is positively defined. 

It follows that the /c-homogeneity of the function K is not k -homogeneity of 
K with respect to pi. It is considered as in section 1, ch. 3. In the book [115], 
ch. 13 is considered only the case of homogeneity of K with respect to p, . 

We deduce from (10.1.2) that g^^ is contravariant of order two, symmetric 
and nondegenerate, i.e. 

(10.1.3) rank\\g'^\=n, on T*^M. 

The function K is called the fundamental (or metric) function of C^^^" and 
g^^ is the fundamental tensor of this space. 

The first problem is if exist the Cartan spaces 

Theorem 10.1.1 If the base m.anifold M is paracompact, then on T*^M there 
exist functions K{x,y^^\ ...,y^'^^^\p) such that the pair {M,K) is a Cartan 
space of order k. 

Proof: The manifold M being paracompact there exists a Finsler space of 
order fc - 1, F^^-^)" = {M,F{x,y^^\ ...,y'^''-^^)). Its fundamental tensor a^: 

/ (1) 1 d'^F'^ 

aij[x,y ,...,y ) = ^ dy(k-l)idy(k-l)3 

is positively defined on T''~^M and 0- homogeneous on the fibres of bundle 
(T'^-iM, 77*^-1, M). 

Now, we can construct on the dual bundle T*'=M = T^-'^M XmT*M the 
following Hamiltonian 

(10.1.4) K{x,y('\...,y(>'-^\p) = {a'\x,y^'\ ...,y^''-'^)piPjy^\ 

where a'^ is the contravariant tensor of Oij . 

It follows, without difficulties, that is a scalar function (i.e. it does not de- 
pend of the transformations of coordinates on T*'^M) which satisfies the axioms 
l°-4° from Definition 1.1. 

The fact that K is positively fc-homogeneous on the fibres of the bundle 
T*^M follows directly. As a*-' are 0-homogeneous we have that 

i^(x,ay(i),...,a'=-iy('=-i),a'=p)=a'=if(x,y«,...,y('=-i),p). 

The fundamental tensor g^^{x,y'^^\ ...,y'^^~^\p) coincides with 

a^^ {x,y^^\ ...,y'^^~^''). The conclusion is that the pair {M,K), with K from 

(10.1.4) is a Cartan space of order k. 
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Remark 10.1.1 The Cartan space C'^'^^" with the fundamental function K from 
(10.1.4) is a particular one, but it is an important and useful example of Cartan 
space of order k. 

Remark 10.1.2 If C^^'" = (M, K) is a Cartan space of order k, then = 

(M, K^) is a Hamilton space of order k having the same fundamental tensor 9'-' 
as the space 

Qik)n_ jj(k)n ^jii ^j^iigj ^j^g Hamilton space associated to the 
Cartan space of order k , C^^)'^. All geometrical properties of = (M, K"^) 

are geometrical properties of C^*^^" = (M, K). 

10.2 Geometrical Properties of the Cartan Spaces 
of Order k 

First of all we shall study those properties of the spaces C^^)^ = (M, K) which 
result from the fc-homogeneity of the fundamental function K expressed in the 
identity (10.1.1). 

Consider the vector field on T*'^M: 

(10.2.1) 'r' +kc* = ,(1)^^ + . . . + (fc - i)y''-'''Q^, + kp. d 

and the Lie derivation with respect to this vector field Ck-i 

r +kC' 

The functions K, K'^, d K'^'', g'^ [ij = 1, ...,n) and C'-?'^: 

(10.2.2) C'^'' = i d g'' = -\ d 'd d 

are k, 2k, k, and —k homogeneous, respectively on the fibres of the bundle 
T*^M. Taking into account the Theorems 4.5.7 and 4.5.8 we have: 

Proposition 10.2.1 The following identities hold: 

(10.2.3) A_i K = kK, 

r +kG' 

(10.2.4) £,_i K'^ = 2kK, 

r +/cC* 

.h .h 

(10.2.5) A_i d K'^ = kd K"^, 

T +kC* 

(10.2.6) £k-i g'' = 0, 

r +kc* 



(10.2.7) 



r +fec* 
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Wc remark, especially, O-homogcneity of the functions g^^ {x,y^^\ ...,y^^ ^\ 
p). By virtue of (10.2.1) and (10.2.6) we have the identity: 

y''''§^^ +-- + {k- i)y^'-'''^^ + kp, d 9^'^ = 0. 

Of course, the covariant tensor field of the hmdamental tensor g*-' of 
the Cartan space C'-'''^" is 0-homogeneous on the fibres of T*^M. Indeed, the 

equality (10.2.6) implies Ck-i Qij = 0. Therefore we have the identity: 

r +kC' 

(10-2-6b) + - + ik- 1)^^^-^^'^ + kp, 9 9,u = 0. 

In any Cartan space of order k, C^'')^ = (M, X), there exists two important 

tensors C \u, C-^^ which are the Vk-\- and Wfe-coefBcients of a canonical 
(fc-i) ' 

metrical connection. 
We have: 

Theorem 10.2.1 For any Cartan space of order k, C^*^'" = {M,K), ^ C 
Cf^ given by 

1 „is f dgsh , dgjs dgjh 



(10.2.8) ^C^^ )h ^g'' ^Qy^k-l)! + Qy(k-l)h Qy(k-l)s 

(10.2.9) Ci^ = -^9i 



1 ( dg^'' dg^' dg^^ 



2 V dpj dph dps 

have the following properties: 

They are d-tens or fields of type (1,2) and (2,1), respectively. 
^ ^ C ^ *^ are 1 — k homogeneous and Cj^ are —k homogeneous on the fibres 

ofT*^M. 

They are the Vk-i- and Wk- coefficients of a canonical metrical connection 
D, i.e.: 

(10.2.10) gil 0, g^^l^ = 0. 

f We have 

(10.2.11) cf=5,,C^^\ 

^ S C C )^ =0, 5f = cf-cf^ =o. 

(fc-l) (fc-l) (k-l) I I z 

The proofs of these affirmations are not difiicult. 
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10.3 Canonical Presymplectic Structures, Vari- 
ational Problem of the Space C^^)"^ 

Consider a Cartan space of order k, C^*^^" = {M,K{x,y^^\ ...,y^''~^\p)), and 
the canonical presymplectic structure 

(10.3.1) e = dpiAdx\ 

where 

(10.3.1a) 9 = dw , Lo = pidx\ 

Of course the structure can be directly studied using the property of intcgra- 
bility, given by = 0. The relations between the structure 6 and the Poisson 
structure {/, g}o : 

and 

(10.3.3) So = {{x,y^'\ ...,y('=-i\p)|y«^ = • • • = y^''-'^^ = o] , 

lead to some important geometrical results. 

Recall that the submanifold So has been introduced in the section 3 of 
chapter 8 as a section of the canonical projection of the differentiable bundle 

(r*'=M,7f*,r*M). 

Let us consider the restriction Kq of the fundamental function K of space 
C''^)" to So: 

(10.3.4) ifo = -f^|Eo- 
Thus we have 

Koix,p)=K{x,0,...,0,p). 

It follows that Kq is 1-homogeneous with respect to Pi. 
Therefore the pair Cg^'" = (M, Kq) is a classical Hamilton space, [115], with 
the fundamental tensor field 

(10.3.5) gi\x,p) = g'^{x,0,...,0,p) = ^ dd KI 

Theorem 7.3.1 is valid in the particular case of Cartan space Cq^^": 
Theorem 10.3.1 The pair (So,^o); with 6o = ^|Eo) symplectic manifold. 
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Since Oq = dpi A dx"^ in every point {x,p) e Sq, it is a closed 2-form of rank 
2n = dim Eo- 

The tangent space T^'Sq at a point m € Sq has the natural basis 

(i = 1, ...,n) and the natural cobasis {dx^ ,dpi), (i = 1, ...,n). 

Consider the J^(So)-niodule Af(So) of vector fields and the J'(So)-module 

A'*(Eo) of 1-form fields on the submanifold Sq. 

Taking into account the theory from ch. 8, section 3 we have: 
1° The J"(So)-linear mapping Se„ : Af(So) Af*(So) given by 

Se,{X) = ixeo, VXg A'(So) 

is an isomorphism. 

2^ There exists an unique vector field e A'(So) such that 

Seo{XK0=ix,Jo = -dKl 
3^ The Hamiltonian vector field Xj^2 is given by 

^° dpi dx'^ dx'^ dpi' 
Consequently, we can formulate: 

Theorem 10.3.2 The integral curves of the Hamiltonian vector field Xj^2 are 

given by the T,q- canonical equations: 

(103 6) dx^^dKl dp^ dKl 

dt dpi ' dt dxi ' ^ 

Now, let us consider two functions f,g £ J^{^o) and the vector fields Xf, 
Xg given by 

ixjOo = -df, ixgOo = -dg. 

Proposition 10.3.1 The following relations between the structures 6q and {, }q 
on the submanifold Sq, hold: 

(10.3.7) {/,ff}o = eo{Xf,Xg), yf,g e .^(So). 

Remark 10.3.1 The triple {T*'' M, K'^{x,y^^\ ...,y'-''-'^\p),e) is a particular 
Hamiltonian system. It can be studied directly applying the method of Gotay, 
[115]. 

But, the equations (10.3.6) are extremely particular. For Cartan spaces 
{M,K{x,y^^\ ...,y^^~^\p)) the integral of action (see Ch.5) 



\dx'' dpiJJ 
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leads to the fundamental equations of the space: 

dx' _ 1 dK 
dt 2 dpi ' 

(10.3.9) 

dp, 1 dK d dK .fc_i dK 

dt ~'^2^dx'^ dtdy(^^*^"'^^ ' dife-i ayC^-i)'' 

The integrand of the integral of action is fc-homogeneous on the fibres of 
T*''M. The Hamilton-Jacobi equations (10.3.9) are homogeneous on the fibres 

of T*^M, too. 

The energy of order k — 1, £'^~^ , of the Cartan space 

C{k)n ^ {M,K), by 

means of formula (5.3.1), is given by: 
(10.3.10) 

We have: 

Theorem 10.3.3 For a Cartan space 

C^k)n ^ (M,K), the energy of order 
k — 1, £''~^{K) is constant along every solution curve of the Hamilton-Jacobi 
equations. 

10.4 The Cartan Spaces C^^^'"' as Dual of Finsler 
Spaces 

)) be a Finsler space of order k having 
F{x,y'^^\ ...,y*^'^^) as fundamental function and 



(10.4.1) a.,(x,yW,...,,W) = l ^^(^^^,)^ 

as fundamental tensor. 

Remembering the Definition 3.1.1, F is a function from T^M to R, diffcr- 

entiable on the manifold T^M = T^M\{Q} and continuous on the null section. 
F is a positive function, fc-homogeneous: 

F{x,ay^^\...,a^y^^'>) = a^F{x,y^^\ ...,y^'=^), Va e R+ 

and the tensor field is positively defined on T^M . 

The Legendre mapping (f : T^M — > T*^M defined in section 4, ch.8, by 

= y(0)i, = y(k-l)i = y{k-l)i ^ 

(10.4.2) { _ 1 

Pi 



2 dy^^)^ 
is a local diffeomorphism. 
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We denote 

(10.4.2a) p, = (/p,(yW,j/«,...,j/W). 

Evidently = a;' is the point of the base manifold M, x = 'k^{x, y'^^\ y^'^^). 
The local inverse ^ = v?"^ : T*'=M T'^M is expressed by (8.4.3): 



(10-4.3) I j,(feH=e(a.,2/W,...,y('=-i),p) 



Remarking that the Legendre transformation (p, from (10.4.2) is 
A;-homogeneous, it follows that its local inverse is k -homogeneous on the 
fibres of bundle T*'^M. So, we have: 

(10.4.4) C{x, ay^^\ a'=-^y('=-^\ aV) = al'Cix, y^^\..., y^^-^\p), e R+. 

Applying the Theorem 8.4.1 we have: 

Theorem 10.4.1 The Legendre mapping ip transforms the canonical k-spray 
of the Finsler space F^'^)" ; 

(10.4.5) S = + . . . + fcy^'^)^^ - ik + 1)G'^ 
with the coefficients 

(fc + l)ff(a.,,W,...,yW) = ia-(r^ ^ 



2 \ V^y^'^^V dy^^-'^'ii 
in the ^-dual k-spray 

(10.4.6) . ^ ^ 

+fce(a;,2/W,...,y('=-i),p)^^(^+r,i(x,y«,...,y('^-i),p) — 
with f jrom (104.3) and 

(10.4.7) %s 

Proof: By means of theorem 8.4.1, the /c-spray S, which is 2 -homogeneous 

on the fibres of T^M , is transformed in the dual k -semispray S'^ from (10.4.6), 
(10.4.7). We must prove that is 2-homogeneous on the fibres of T*'^M. But 
every term of is 2-homogeneous on the fibres of T*^M. Thus, is a dual 
A;-spray. 



The Cartan Spaces of Order k 



203 



Theorem 10.4.2 The dual k-spray from (10.4-6) determines a local nonlin- 
ear connection N* on the manifold T*^M , which depends on the Finsler space 
of order k, F*^*^)", and N* has the following dual coefficients 

M* \ = M * ' - 



(10 4 8) W ' ^2/^''^'' (^-1) ' ayC^-iW 

TV*. = ^ 

where the operators ^ . are constructed by means of the coefficients N* 
dyy^)^ (1) ■' 

* 'j from the dual coefficients (10.4-8). 

Indeed, this theorem is just the Theorem 8.4.2 apphed to Finsler spaces of 
order k. 

We remark the following property of homogeneity of the coefficients M*, 
N*: 

Proposition 10.4.1 The coefficients M* j, * ]> ^ij homogeneous 

on the fibres ofT*^M of degree k — 1, 1, k, respectively. 

Indeed, being fc-homogencous and rji from (10.4.7) being k + 1 homoge- 
neous, by means of (10.4.8) the property follows. 

o 

Now, let us consider A'' a fixed nonlinear connection on the submanifold 
T'^-'^M of T*''M = T^-'^MxmT*M. We assume that the coefficients M ), 

O 

M 
(fc-i) 



(1)^' 



M * arc homogeneous of degree 1, k — 1 on the fibres of . 

k-i) 

Thus, the Legendre mapping ip : u = {x,y''^\ ...,y^''~^\y^''^) e T'^M — >• 
u* = {x,y^^\...,y^'^~'^\p) e T*'^M transforms the Liouville d-vector field z^''^^ 
at the point u: 



(10.4.9) fc^W' = + (fc - 1) M yC^-i)™ + . . . + M 

y(fe)i y(fe)i 

in the d- vector field z at the point u* . The vector field z is: 

(10.4.9a) kz =kC + (k-l)M yC^-i)™ + . . . + M y^^)™. 

(1) (fc-i) 

Of course, z is fc-homogeneous on the fibres of T*''M. Consider the function 
(10.4.10) 

K\x,y('\...,y^^-'\p) = 2p,f' -F\x,y('\ ...,y(''-'\S^{x,y('\ ...,y^^-'\p)). 
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Theorem 10.4.3 We have: 

The pair {M,K^{x,y^^\ ...,y'^^~^\p)) is a Hamilton space. Its fundamen- 
tal function is 2k-homogeneous on the fibres ofT*'^M. 

The fundamental tensor of the space (M, K"^) is positively defined and it 

o 

does not depend on the apriori given nonlinear connection N- It is given by: 
ff^^-(a;,yW,...,y('=-i),p) = a^^(x,yW,...,y('=-i),e(x,2/W,...,2/('=-i),p))^ 

The proof follows from Theorem 8.4.3 in which H = K^. 

We shall say that (M, K"^) is a Cartan spaces of order k, dual (via Legendre 
transformation) to the Lagrange space L('^)" = (M, F'^) associated to the Finsler 
space i^C^)" = (M,F). 

The inverse problem: being given a Cartan space of order k, 
Q{k)n _ (^M,K(x,y^^\ ...,y^^~^\p)) let us determine its dual as a Finsler space 
of order fc, F^^)" = (M, F(x, y^^^ y^^^-^), j/^)). We follow the theory that 
has been done in the section 5, ch. 8. 

o 

Let N be an apriori given nonlinear connection on T^'^M, with the dual 
/ o . o \ 

coefficients M ^, M ' and the mapping 
V(i) (fc-i)V 

C:u* = (a;,2/«,...,y('=-i),p) e T*^M ^u = (a;, ?/«,..., y('=-i),yW) e T^M 
defined by 



(10.4.11) 



2/W^=r(x,y(i),...,y('=-i),p), 
where is expressed from the formula 

(10.4.12) fc^" + (fc-l)M M \y(^)i = ^ d K"^ . 
^ ' ^ (1) (fc-i) ^ 2 

Theorem 10.4.4 The mapping ^* is a local diffeomorphism which preserves 
the fibres ofT*''M and T^M. 

Indeed, by means of theorem 7.5.1, the Jacobian of ^* is det g'^^ being 

the fundamental tensor of the Cartan space 
The formulas (10.4.11) and (10.4.12) imply: 

. i 

f) = Q^3 

(10.4.13) ^ ^ ^ ' ^ 
^W'(a;,2/«,...,2/('=-i),rK)) = 2 5 K\x,y^^\...,y^'^-^\p), 

where 2;^'^^' is the Liouville vector field (10.4.9). 
Let F'^ = ^*{K'^) be the Lagrangian 

(10.4.14) 
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where ip* is the local inverse of 
Theorem 8.5.2 allows to state: 

Theorem 10.4.5 The pair {M,F), with F from (10.4-14), has the properties: 
It is a Finsler space, having the fundamental function F"^ , 2k -homogeneous 
on the fibres ofT'^M. 

^ Its fundamental tensor field is given by 

a^j{u) = g^j{x,y^^\...,y''''-'^\(p*iu)). 

So, the space (M, F) is called the Finsler space of order k dual to the Cartan 
space of order k, C'^^> = {M,K). 
^Prom (10.4.14) we deduce 



1 f) F 

(10.4.15) p, = __^, K = (p*(x,2/«,...,j/(^)). 

Therefore, by means of the Theorem 8.5.3, we have: 

Theorem 10.4.6 The Legendre transformation determined by the Lagrange 
space = (M, F^), with F"^ from (10.4-14) is defined by the local diffeo- 

morphism (f*, the inverse of the local diffeomorphism ^* and = (p*{F'^) is 
given by 

K\x,y('\...J''-'\p) = 2p,z(>'^\x,y^'\...,y^''-'\n-F\xJ'\...,y('-'\Cy 

Remark 10.4.1 It follows (p = (p* and tp~^ = Therefore, locally, we get 
= ip*{C{K^)) and F^ = C{'P*{F^))- 



10.5 Canonical Nonlinear Connection. A/'-Linear 
Connections 

As we know, from section 6, Ch. 8 and from Theorem 10.4.6 we can determine 
a nonlinear connection N* of the Cartan space CC'^)" = {M,K) by means of an 

o 

apriori given nonlinear connection N on the manifold T M. We construct a 
bundle morphism and determine the space = (M, F^), with F'^ = ^*{K'^). 

1 dF'^ 

The Legendre transformation ip* = ^*~^ (with p* = ) transforms 

the fc-spray S of L^'^)" in the dual A;-spray SL: 



(10.5.1) = ,(^)^ A + + i).(-^)^^ + ^ + ..A 
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Theorem 10.5.1 The following systems of functions 
(10.5.2) M*' = M " - ^ 



(i)j dyW^' (fe-i)^. 



and 



(10.5.2a) N*. - ^"^^ 



where the operators , are constructed by means of (10.5.2), give the dual 

coefficients of a nonlinear connection N* which depends on the fundamental 
function K of Cartan space 

Q{k)n ^ (^M,K) and on the apriori given nonlinear 
connection N of the manifold T^~^M. 

Indeed, this is a particular case of the Theorem 8.6.1. 
The nonhnear connection N* is called canonical for the Cartan space 
{M,K). 

In the following we denote N* by N and consider the adapted basis and 
adapted cobasis determined by N and by the vertical distribution Wk- 



_5 d_ 

Syik^'dpi 



and 

(10.5.3a) {dx\ dy^^^\ 6y^^-^^\ 5pi] . 

Let £> be a A'^-linear connection with the coefficients DT(N) = 
= {H}^,C^^,Ct), (a=l,...,fc-l). 

The fundamental tensor field g^^ of C^'^)'^ is absolute parallel with respect to 
D if 



(10.5.4) /V = °' 9''^th=^' (a = l,...,fc-l), 5'^|'' = 0. 

Assume that the equations (10.5.4) hold. Then D is called the metrical 
N-linear connection. 

In the case when h-, Va-, and w^-torsions of D vanish, D is called canonical 
metrical N-linear connection of the Cartan space 

Theorem 8.7.1 leads to the following important result: 

Theorem 10.5.2 There exists an unique canonical metrical N-linear con- 
nection D of the space 

C{k)n ^ (^M,K). Its coefficients are given by the gener- 
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alized Christoffel symbols: 



■'■^ 2^ I 6x^ Sx^ 



(10.5.5) C' = -g'' + - ], (a = 1, k - 1), 



' 2 V dps 

^ This connection depends only on the canonical nonlinear connection N 
and on the fundamental function K of the Cartan space of order k, C^^^)". 
5° The coefficients {Hjf^, ^^jh' yjh'^l^) '^'^^ homogeneous on the fibres 

of bundle T*'^M of degree: 0, —1, 1 — k, —k, respectively. 
Corollary 10.5.1 The following identities hold 

(10.5.6) V+.c.(S^-^ = -'^(S^-^' (" = l'-'^-l)' 

r r'jh _ i.riih 

r +fcc* ' 

Corollary 10.5.2 We have 

(10.5.7) ct = g,sC'^\ 

Consider the d-Liouville vector fields of the space C^'^^": z^^^*, 2;('=:-i)*, 
(cf. (6.2.7), (6.2.7')). They are homogeneous on the fibres of T*''M of degree 
l,2,...,fc — 1, respectively. 

The deflection tensor fields of the canonical metrical A''-linear connection D 
are given by (see ch. 7, section 5): 

(a) . 

(«) . (a) . 6 Z ^ (a) 
OPj 

and 

(10.5.8a) ^%.= Pi = -p^C ^, (a = 1, k - 1), 



208 



THE GEOMETRY OF HIGHER-ORDER HAMILTON SPACES 



The degrees of homogeneity on the fibres of T*''M for these tensor fields are 
easily determined. 

The defiection tensors (10.5.8) and (10.5.8a) lead to important identities for 
the canonical metrical A^-lincar connection D, derived from the Ricci identities 
applied to the Liouville d-vector fields z^^^^, z^''~^^'^. 

Indeed, Theorem 7.6.2 and 7.6.3 give us: 

Theorem 10.5.3 The canonical metrical N-linear connection of Cartan space 
Qik)n gfifigflgg ffiQ following identities: 

(a)* W) (a/3)* ^ ^ . (a)* (a/3)* 

D - D ,|,= ^(«)«PV- D , H^,- 



(a) (q) (q) (a) 

fc-1 r(a7) . A (a) . 

7=1 I (7) ' J (0) 



(10.5.9) 



(a/3) . (7) (a7) . (/3) . (ar/3) (07) . 



fe-1 ({aa 

E\ D 

<7=1 I 



ao') , (<^) ^ 1 (a) 

(/37) J (/37) 



(a/3) (a) (/3) , , (a) (a/3) 

fc-1 r(afT) ^ (a) 



CT=1 



and 



fc-1 /(^) 



Ajj I ^ - A/jIj = ^P^l^/jh-^isC^jh- fits Hjh-}^ yfits ^^^^"jh j - fii^flh, 

'=-1 /(7) \ 

A..f - = -PsPi % ' - filHs^ Bfj - fitBj}, 
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(/3) (7) (7) W 



s _ A ns _ 
(M) (7) 



(10.5.9a) 



(7) 

fc-1 / (<t) (a) ^ \ 
a=l V (/37) / 



The Ricci identities and Bianchi identities of the canonical metrical TV -linear 
connection of the Cartan space can be written using the corresponding 

indentities of the A/^-linear connections of T*'^M, given in the chapter 6. 

Applying the Ricci identities to the fundamental tensor g^^ of the space 
Q(k)n^ with respect to the canonical metrical N -linear connection, we obtain 
the identities (7.6.8). 

So, we have: 

Theorem 10.5.4 In a Cartan space C^^)", with respect to the canonical metri- 
cal N -linear connection, the following identities hold: 

9'\Ps \m + g'^Ps \m = 0, (a = 1, k - 1), 
(a) (a) 

gsjgjhm ^ gisgjhm ^ 0. 



10.6 Parallelism of Vector Fields in Cartan Space 

Q{k)n 

Consider a Cartan space of order k, C^*)" = {M, K), endowed with the canonical 

metrical A/'-linear connection CT{N) = (Fj„. C C/"), (a = 1, fc-1), the 

(") 

(s s s 
ox^ dy^">'^ opi 
(a = 1, .., A: — 1) determine an adapted basis and 
(da;*, Sy^"^^, 6pi), (a = 1, A; — 1) is its dual basis. 

Along a smooth parametrized curve 7 : / — )• T*'^M, having the image in a 
domain of a local chart: 

(10.6.1) = x\t), = 2/(«)^(t), Pi = pi{t), tGl, {a=l, .., k-1) 
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the tangent vector field 7 is given by (7.7.2), i.e. 



(10.6.2) 

where 

(10.6.3) 



fe-i 



dt Sx* dt dt 



gy{a)^ ^y{a)i ,(a-l)3 ^{1)3 dx^ 

^1— = ^^+M'.^— +•••+ M \-2-^+M) — , 

dt dt (1) ■' dt (a-i) dt (a) ■' dt 



5pi _ dpi 
dt ~ dt 

Consider the l-forms of metrical canonical A'^-Hnear connection CT{N): 



k-l 



(10.6.4) Lo% = Hidx' + y (52/(")-^ + 

(a) • 

Then the vector field X e X{T*''M): 



(10.6.5) 



X =X — 
5x^ 



k-l 



a=l 



has the covariant differential along curve 7: 



(10.6.6) 



DX 
"df 



( . (Of 



A 



V 



d X (0) ujl 

I Y" £ 



_6_ 



fc-i / . 

E 



a=l 



■ X 



V 



dt 



dt 5y(<^) 



7 + 



Theorem 7.7.1 takes the form: 

Theorem 10.6.1 The vector X from (10.6.5) is parallel along curve 7 if and 
,(of 

only if {X , X ,Xi) are the solutions of the system of differential equations: 



(10.6.7) 
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We obtain, also 



Theorem 10.6.2 The Cartan spaces C^'^^" is with absolute parallelism of vec- 
tors, with respect to CT{N), if and only if all curvature d -tensors of CT[N) 
vanish. 



In the case X =7, the equation 

of C^*^)" with respect to CT{N). 
^Prom Theorem 7.7.3 it follows: 



D 7 
~dt' 



= says that 7 is an autoparallel curve 



Theorem 10.6.3 A smooth parametrized curve 7, (10.6.1), is an autoparallel 
curve of the Cartan space C*^*^^", endowed with metrical canonical N -linear 
connection CT{N), if and only if the following system of differential equations 
is verified: 



(10.6.8) 



d^x* dx^ col 

1 = 

df^ dt dt 



d Sy' 



dt dt 



d Sps 
di~dt 



+ 



6y 



(a)s 



dt dt 
{a = 1, k ■ 

Sps i^t 
dt dt 



1), 



0. 



As we know from section 7, ch. 7, a curve 7 is horizontal if 7=7 , i.e. 



(10.6.9) = x'{t), =0, (a = 1, k-1), -j^ =0, te I. 

Therefore, taking into account the definitions of horizontal paths, f^-paths 
and Wk-p&ths (§7, ch. 6), we obtain: 

Theorem 10.6.4 The Cartan space C^'^)^ endowed with the metrical canonical 

N -linear connection CT{N) has the following properties: 

a. The horizontal paths are characterized by the system of differential equa- 
tions: 

(10.6.10) ^ + H,, — — _ 0, ^ _ 0, — - 0. 

b. The Va-paths at the point x = xq are characterized by the system of 
differential equations: 

dx' dy^P)' dpi 

-dt=''' ^ = dF = °' 

(10.6.11) 

,dy^dy^^^ 
dt dt {af^ dt dt 
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c. The Wk-paths at the point x = xq are characterized by the system of 
differential equations: 



(10.6.12) 



dt^ [X,U,...,U,p) u. 



10.7 Structure Equations of Metrical Canonical 
N- Connection 

In a Cartan space of order k, C^'^'" = (M, K), endowed with the metrical canon- 
ical A'^-linear connection CT{N), lemma 7.8.1 (ch. 7) holds: 

The following object fields 

d{dx') - dx™ A ojl^, d{6y^°''^^) - dy^"^"" A (a = 1, k - 1), 
rf(^pi) + (5p„jAwj„ 

are rf-vector fields and 

is a rf- tensor field of type (1,1). 
Consequently, we have: 



Theorem 10.7.1 A Cartan space of order k, C'^^)^ = (^M,K), has the following 
structure equations of the metrical canonical N -linear connection CT{N): 



(0) 

d{dx^)-dx"' = - Qi, 
^^^■^■'^^ d{6y(''^') - dy^'^^^ A < = - Q i, (a = 1, k - 1), 

d{5pi) + 5pm /\'^ln = -^i- 



(10.7.2) 



A ujl 



-n 



J' 
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where the 2-forms of torsion are: 
(10.7.3) 

(0) /k-i . , , 

Vc,=l («) 

A I i?j„dx™ + e| gjm'^y^^''" + Cj^'Spm i , (a = 1, k - 1), 



[ 7=1 (7) J 

and where the 2-forms of curvature are 

+ E P i "hmdx'' A ^y^-')™ + P^^dx'' A 5pm+ 
7=1 (7r 

(10.7.4) 



fc-1 fe-1 

■ E E 

a<;8,a=l/3=l («^)' 



+ e' S.\Jy^'^^'' A (5p„ + \s;^^'5ph A (5p„, 

7=1 (7) ^ 

where, according to %5, ch. 6, P \, P ] are as follows: 

(aflY {a,a-iy 

P i = dM) - Nfd M N fdA'P^, 

(a,0)^ (a)^ (1)^ (a-l)™ (1)™ 

fin 7 'il P )=d M )- N-^d M * iV T'rfMj^, 

{a,a-iy (if 

Of course this theorem is important for the theory of metrical canonical 
connection. Also, it allows to determine the Bianchi identities of the spaces 

We can use the previous results in a theory of Cartan subspaces of order k 
in the Cartan space C^''^", cf. Ch.9. 
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10.8 Riemannian Almost Contact Structure of 
the Space C^^)" 

Consider a Cartan space of order k, C = (M, K{x, y^'^^ y^''-'^^ ,p)) and its 
canonical nonlinear connection A''. 

^ ^ S , 5 d , . 

The adapted basis ( 7-7 , T-Tn- , ■ • ■ , TTFTiT ' 1~ ) ' 1~ =^ ^^^^ 

dual basis (fe*, Sy^''~^^^, 5pi) , where 5x^ = dx^ are well determined by 

N. As we know from section 1, the fundamental tensor of C^*'^" is: 



(10.8.1) g'^ = i d 'd K^- 

Taking into account the associated Hamilton space 
the space we can study the Riemannian almost contact structure of the 

Cartan space of order k by means of the corresponding structure of the space 
jj(k)n ^ i^M,K^). Such that, using the covariant tensor gij of the fundamental 
tensor g^^ we define the tensor 



fe-i 

(10.8.2) G= gijdx' ® dx^ + J2 fuM""^' «> ^2/^"'' + d'^^pi 6pj, 

a=l 

G is the TV- lift of the fundamental tensor g'^^ of the space C^^^". Since g'^^ is 
positively defined on T*^M and iV is given on T*^M, it follows: 

Theorem 10.8.1 G is a Riemannian structure on the manifold T*''M de- 
termined only by the fundamental tensor g''^ of the Cartan space C^'^)" and by 
the canonical nonlinear connection N. 

The distributions Nq, Ni, Nk-2, Vk-i, Wk are mutual orthogonal 

V 

with respect to G • 

V 

Proposition 10.8.1 The tensor Q is not homogeneous on the fibres of the bun- 
dle T*''M. 

V 

Indeed, the first term in G is 0- homogeneous, the second term is 2-homogeneous, 

V 

the last term is 2A;-homogeneous. So, the whole G is not homogeneous. 
Let us consider the following invariants: 

(10.8.3) 

K!=g,jz^'^'z^'^^, Kl=9,jz^'^'z'-'^\ KI_, = g,j z^'^-'^' z^'^-'^^ , Kl=g'^p,p,, 

where 2;^'^^' are the Liouville vector fields determined by the canonical 

nonlinear connection of space 
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Of course, all invariants Kq, K^, K^_i are positive. 

Thus we can construct a new Riemannian structure on T*^M: 

'^-^ I 1 
(10.8.4) G= Qijdx^ ^ dx^ + V —gijSy^"^^ + -^g'^Spi ^ 5pj. 

a=i ^« 

Theorem 10.8.2 1^ (Q is a Riemannian structure on the manifold T*^M de- 
termined only by g^^ and N . 

o 

^ G is 0-homogeneous on the fibres of the bundle T*^M . 

3° The distributions Nq, Ni, Nk-2, Vk-i, Wk are mutual orthogonal 

o 

with respect to G. 

The proof follows without difficulties. 

V 

The Riemannian structure C is of the form 



V Vi Vk-i Wk 

(10.8.5) (G=G + G+---+ G + G 



with 



(10.8.6) 



G,= gijdx' (S) dx^ , G= gij6y'^^'>' (S) 6y'^^'>\ 



H Va, Wk 

The tensors G , G, (a = l,...,k — 1) and G are d-tensor fields on the 

manifold T*''M. 

Exactly as in the chapter 8 we can prove: 

H Vo. Wk 

Theorem 10.8.3 The d -tens or fields G, G, (a = l,...,k— 1) and G are 
covariant constant with respect to the canonical metrical N-connection of the 
Cartan space of order k, C^*^^". 

Now, let us consider the natural almost {k — l)n-contact structure F deter- 
mined by the canonical nonlinear connection N. It is defined by (6.6.3): 

(10.8.7) 

s \ d S _f S 



F is a tensor field of type (1, 1) and in adapted basis it is expressed by (3.5.4). 
The condition of normality of F is given by the equation (6.6.5). 
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V 

But the pair of structures (G,F) is a Riemannian almost {k — l)n contact 

structure on T*^M determined only by N and by the fundamental function K 

of the Cartan space C^^)"^ , So, we have: 

Theorem 10.8.4 On the manifold T*^M there exists a natural Riemannian 

V 

almost {k — l)n -contact structure ((G,F), determined only by the canonical 
nonlinear connection N and the fundamental function K of the Cartan space 

The canonical nonlinear connection N and the fundamental tensor g*^ of the 
Cartan space determine the almost {k — l)n -contact structure F: 

(10.8.8) 

V 



Theorem 6.7.1, reads: 

Theorem 10.8.5 The structure W of a Cartan space C'^^)^ has the following 
properties: 

(10.8.9) ii'erF=iVie---eA^fe-i, Im¥=No®Wk, 

V 



rank F= 2n, 



(10.8.10) F +F=0. 

V 

Consequently, F is an almost (k — l)n-contact structure on the manifold 

T*'^M. 

We have, also: 

Theorem 10.8.6 For a Cartan space C'^^)^ the following properties hold: 

V V 

1 The pair ((G-,F) is a Riemannian almost {k — \)n-contact structure deter- 
mined only by the canonical nonlinear connection N and the fundamental tensor 
g'K 

^ The associated 2- form is 

9 = 6piA dx' 

and if the coefficients Nij of N are symmetric then 9 is the canonical presym- 
plectic structure 

6 = dpiA dx^. 

■ — V V 

Concluding, the space {T*''M, Q, F) is the geometrical model of the Cartan 
space of order k, C^*^^". 



Chapter 11 



Generalized Hamilton and 
Cartan Spaces of Order k. 
Applications to 
Hamiltonian Relativistic 
Optics 

On the total space of the dual bundle {T*''M, tt*, M) there exist some geomet- 
rical structures defined by a general (Z-tensor field g^^{x, y^^\ y'^''^^\p), sym- 
metric and nondegenerate, which are suggested by the Relativistic Optics. Gen- 
erally the rf-tensor g''^ is not the metric tensor of a Hamilton space 

ij(fc)" or of a 

Cartan space Cf*^)". In this case the pair GiJ^*^^" = {M,g^^{x,y^^\...,y^^ ^\p)) 
defines a 'Generalized Hamilton space of order k'. If g'^^ is 0-homogeneous on 
the fibres of the bundle T*^M we say that the pair GC(^)" is a 'GeneraUzed 
Cartan space of order k\ 

We study, in this chapter, the geometry of these spaces and apply it to the 
theory of Hamiltonian Relativistic Optics. 

11.1 The Space GH^''> 

Definition 11.1.1 A generalized Hamilton space of order k is a pair GH^''^"' = 
{M,g^^ {x,y^'^\ ...,y^''~^\p), where 

1° g^^ is a d-tensor field of type (2,0), symmetric and nondegenerate on the 

manifold T*''M : 

(11.1.1) rank \\g'm = n 

The quadratic form g^^XiXj has a constant signature on T*'^M. 
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The tensor g''^ is called fundamental for the space GiJ^*^^". 

In the case when the base manifold M is paracompact then T*^M is para- 
compact. Thus on T*'^M there exists the d -tensor , with the property that 
Qjj{k)n _ (^M^gijj is a, generalized Hamilton space of order k. 

If is positively defined on T*^M, then the conditions (11.1.1) is verified. 

Definition 11.1.2 The space GH^^^'^ = {M,g'^^) is called reducible to a Hamil- 
ton space of order k, if there exists an Hamiltonian H{x,y^^\ ...,y^^~^\p) such 
that the following equality holds: 

(11.1.2) g'^ = ^ d'd^ H 
Let us consider the rf-tensor field: 

(11.1.3) C'^^ = d'' g'^ 
We have: 

Proposition 11.1.1 A necessary condition for a generalized Hamilton space 
Q]-[{k)n _ (JVf^g»i) reducible to a Hamilton space of order k is that the 
d— tensor field C"^'^ be totally symmetric. 

Indeed, if (11.1.2) holds, then C'^'' = - i 9*9*9* H is totally symmetric. 

Example 1. 1° Let g'l {x,y'^^\ ...,y^^-^\p) = 7*J (.t, yC^-^)) be a 

d-tensor on the T*^M determined by the fundamental tensor 7,^ of a Finsler 
space of order fc — 1 . 

The space GiJ^'')" = {M,g^i) is reducible to the Hamilton space = 

{M,g^^PiPj). 

2° Consider the fundamental tensor ^ij{x,y^^\ ...,y^''~^^) of a Finsler space 
of order A; - 1, fC^-^)" = (M,yW, ...,y('=-i))). The d-tensor field 

(11.1.4) g'^{x,y('\...,i'^-'\p) = e-'^^^^y'''-y''-'^^ 

with the property a € J^{T*^M) and 7ij is a fundamental tensor of F^'^"-^^", 
determines a generalized Hamilton space of order fc, Gff'^'^-'" — {M^g^^). 

This space is reducible to a Hamilton space 

ij(fc)" only if 9* CT = 0. 
Let gij be the covariant tensor of the fundamental tensor g'^^ of the space 
,5^(fe)n ^ {M,g'^). Then we have: 



(11.1.5) gihg"^ = 6i 

Also, we consider the d-tensor field 
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(11.1.6) Cf = —gisid^ 9'^"+ d'' g^'- 8' g^^^) 
Evidently: 

(11.1.7) 5f = cf - Cf^' = 0. 

If the space GH^''^" is reducible to a Hamilton space then: 

(11.1.6a) C/'' = -gisC'''^. 

The d-tensor field Cf are the coeflacients of the w/j-covariant derivatives. 
Indeed, we have: 

(11.1.8) g'^^ =d^ g'i + Cfg'^ + Ci^g'' = 0. 

11.2 Metrical A^-Linear Connections 

If wc consider a generalized Hamilton space of order k, GH^^^"' — (M, g*-' ), 
in general we can not determine a nonlinear connection only by means of the 
fundamental tensor g'^^ . 

But there arc some particular cases when this is possible. For instance, 
in examples 1° and 2° we can consider the canonical nonlinear connection 

TV of the Finsler space i^C^-i)" = (M, i^(a;, y^^', 7/(*="i)) with the coeffi- 
cients (TVj, ... N^j ). Then the system of functions (iVj, ... iVj , Nij) with Nij = 

(1) (fe-i) (1) (fc-i) 

, , . iN^Ph), (if NHx,y^^^), does not depend on t/^^^*, ...,y^^~^^^) determines a 

^y^ ^' (1) (ij 

nonlinear connection only by means of the fundamental tensor g^^ of the space. 

Now, let us consider an apriori fixed nonlinear connection TV, with the co- 
efficients (A^j, ... NJj , Nij) on the manifold T*^M. We will study the geometry 

(1) (fc-i) 

of the space GH^'^^^ endowed with the nonlinear connection A''. 
The adapted basis to the direct decomposition (6.2.9), 
S S d d 

(t^^ 1wTT"i TTTTT-rri t: — ) is expressed in (6.2.10) and the adapted cobasis 

dx^ dy^^i'^ dy^'^~^'^ opi 

{dx\ Sy^^^\ (JyC^-i)^ 6pi) is written in (6.3.2). 
Now, as usual, we can prove: 

Theorem 11.2.1 1) A generalized Hamilton space of order k endowed with a 
nonlinear connection TV, has an unique N -linear connection CT{N) = 

= {Hjf^,Cjf^, Cjf^ iC*/'') satisfying the following axioms: 
(1) (fe-i) 
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1° The nonlinear connection N is apriori given. 

(a) 

^ 9''\h=0, g'i I ;,= 0, (a = l,...,fc-l), g^^f = 0. 
5° T^^ = 0, = 0, (a = 1, k - 1), S^'^ = 0. 

(a) 

2) The coefficients of CT{N) are the following generalized Christoffel sym- 
bols: 

2^ ^ 5xi ^ 5x^ 5x- 
(11.2.1) Cjh = p + - J^sh (« = 1, k - 1), 

The previous connection CT{N) is called canonical metrical N -connection. 
More general, one proves 

Theorem 11.2.2 1) A generalized Hamilton space GH'^^^^, endowed with a 
nonlinear connection N, has an unique N- linear connection 
DT{N) = (iJ^/j, CjTj, CT^tj ,Cl ) satisfying the axioms: 
(1) 

1° N is apriori given on T*^M . 

2^ h-,Va- and Wk- covariant derivation of g^^ vanish: 

(11-2.2) 5''|/. = 0, 5'^ T,.= 0, = 0, 

3° The skewsymmetric tensors of torsion 
(11.2.2a) 

T jh = Hjf^ — Hf^j,S — Cjf^ — Cf^j, {a = 1, k — 1), = — C^ 

(a) (a) (a) 

are apriori given. 

2) This connection has the following coefficients: 

^jh = + 29'\9srTjh - 9jrTsh + 9hrTj^), 

(11.2.2b) '^ift = + \9"'{9sr'S'jh - gjr'Kh + 9hr'S'^s)^ (a = 1> k - 1), 

(a) (a) ^ (a) («) (a) 

where [H],, C'-. C .Cf'') are i/ie coefficients of the canonical metrical 
N-connection Cr{N). 
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If we arc interested on the all A'^-linear connections which verify the equations 
(11.2.2), we can prove: 

Theorem 11.2.3 In a generalized Hamilton space GH<-k)^ = {M,g'3) the set 
of all N -linear connections DT^N) which satisfy the equations (11.2.2) is given 
by 



(11.2.3) 





= Hi^ + n%xi^, 








..,k-i) 


(a) 


(a) (a) 











where fi*-^ = - grjg^^) are Obata's operators and CT{N) = {W-f^,Cjf^, 

(1) 

Cjf^ , C/'') is the canonical metrical N -connection and X^^, ^sh^ i*^ ~ ^~ 
(fc-i) (a) 
1), Xg^ are arbitrary d-tensor fields. 

Corollary 11.2.1 The mappings DT{N) DT{N) determined by (11.2.3), 
together with the composition of these mappings is an abelian group. 

Now, we can repeat all considerations from the section 7 of the chapter 8. 
So, we have: 

Proposition 11.2.1 The curvature d-tensor fields of the canonical metrical N - 
connection Cr{N), (11.2.1) satisfy the identities (7.6.8). 

Proposition 11.2.2 The tensors of deflection ofCr(N), (11.2.1) satisfy the 
identities (7.6.9), with T'.^ = 0, S'^^'' = 0, 5^^ = 0, (a = 1, k - 1). 

(a) 

Let cOj be the 1-forms connection of Cr{N), 



fc-i 

(11.2.4) ^ = H}Jx^+ ^ qjy^^ + CrSps 

a=l (a) 

and a curve ^ : t e I ^ j{t) G T*''M expressed by (7.7.1). 
Thus, we have (cf. Th. 7.7.1): 

Theorem 11.2.4 In a space Gi?*^*^^" endowed with the canonical metrical N 

-connection Cr(N) a vector field X = X^^-^ + ... + ,^ ,,. -\-Xi — 

dx^ dpi 
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is parallel along curve 7 if and only if {X^^'>^,...,X^'' ^\Xi) are the solutions 
of the system of differential equations 

Theorem 11.2.5 The space Gi?'^*^-'" endowed with the N-linear connection 
CT{N) is with absolute parallelism of vectors if and only if all curvature d - 
tensor of CT{N) vanish. 

A smooth parametrized curve j : t G I ^ {x{t) , y^^\t) , ...,y^''~^\t),p{t)) G 
T*^M is an autoparahel curve of CT{N) if D-^ 7= 0. 
Thus, applying Theorem 7.7.3 we have: 

Theorem 11.2.6 The curve 7 : / — )■ T*^M is autoparallel for the space 
with respect to the canonical N-linear connection CV{N) if and only if the fol- 
lowing system of differential equations is verified: 



d^x'- dx^ Lol 

1 = 

dt^ dt dt 

d Sy^'^^Loi 



dt\dt) dt dt 
Recall that 7 is an horizontal curve if and only if: 

X' = x\t), ^ = 0, ^ = 0, (a = 1, k - 1). 
Therefore, we have: 

Theorem 11.2.7 For a generalized Hamilton space of order k, GH^'^^'" endowed 
with the canonical metrical N -connection CT{N) the folloiuing properties hold: 
1° The horizontal paths are characterized by the system of differential equa- 
tions: 

d'^x' dx^ dx'' „ „ <5Pi „ / , , ,x 

2^ The Va- paths in a point xq G M are characterized by 

..=4,f?M^:i:=o,(/j^a)*=o. 
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dt\ dt J , "r*' dt dt 

\ / (a) 



3° The Wk-path are characterized by 

dx^ _ p _ _ dy^'^-i)* _ ^ 

dt ' dt "' dt ' 

^-C^ (.0,0,...0,P)^^=0. 

Finally, wc remark: 

The structure equations of the canonical metrical A'^-connection CV{N^ of 
the space are given by Theorem 7.8.1. 

where TV^ = 0, = 0, \a = 1, k - 1), 5/^^ = 0. 

(a) 

11.3 Hamiltonian Relativistic Optics 

In the book: 'The Geometry of Higher Order Lagrange Spaces' - Kluwer FTPH, 
Vol. 82 is given a generalized Lagrange metric, formula (10.5.6) of the Rela- 
tivistic Optics of order k. It is rather complicated. In the dual spaces T*'^M it 
can be introduced much more simple. 

Consider a semidefined Finsler space of order k-1, fC^-^'M = 
= {M,F{x,y'^^\ ...,y'^^~^^)) and ^ij{x,y^^\ ...,y^^~^^) its fundamental tensor 
field. 

The projection tt^^^ : {x,y'^^\ ...,y^^-^\p) &T*^M ^ {x,y^^\ ...,y^^-^^) € 
T'^-^M allows to consider rf-tensor o tt^^^ on T*'^M. It will be denoted by 

jij, too. Its contravariant 7'^ will be considered defined on the manifold T*'^M. 

Let us consider a difFcrcntiable function n on T*''M with the property n > 1. 
It will be called a refractive index. 

Some notations: 



(11.3.1) 



V V V 

p'= I'^Pj, Pi = p^, Pt I'^PiPj = Ibil^ , 



i(ar,y«,...,y(*^-i),p). 



^ n(a;,y(i),...,2/('= i),p) 
Now, we define on T*^M the d-tensor field 

(11.3.2) 

fl^J(a;,yW,...,y('=-i),p) = 



^^'{x,yi^),...,y^^-'y) + fl - — ^ \ pV" 

V n^{x,yW,...,y('' ^>,p)J 
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Theorem 11.3.1 1° g^^ is a symmetric d-tensor field of type (2, 0) on the 

manifold T*^M. 

2^ rank = n. 

Indeed, 1° g"^^ is a sum of two symmetric d-tensor of type (2,0). 
2° Consider the d-tensor 



(11.3.3) 5y = 7y - 4 ( 1 - 4 ) P^P3. 



where 



1 



(11.3.3a) a = l+ (^1-^ ) 

It is easy to verify the following equality: 



(11.3.4) 9'''9hj=6]. 

Consequently the pair Gif^'^^" = (M, g^^) is a generalized Hamilton space of 
order k. 

Theorem 11.3.2 The space GH^''^" = {M,g^^) is not reducible to a Hamilton 
space of order k. 

Proof. The tensor field C*^*^ from (11.1.3) is as follows 
If we assume that C"-''^ = C^^^, we obtain 



(*) \^d^ ap> - a p'' j p' +a (^7*'' ^ -7*-' / j = 

Contracting by pi we have 

V • V 

ap> - a p^= 0. 

V V 

Substituting in (*) we get 7''' p> —7*^ p^= 0. A new contraction with ^yih 

V V 

leads to (n — 1) p'= 0. Consequently p'= 0, i.e pj = 0. But this is impossible 
and the assumption we made is false, q.e.d. 

The space GH^^^'^ will be called the generalized Hamiltonian space of order 
k of the Hamiltonian Relativistic Optics. 
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Let us consider a local d- vector field V'^{x) and a local (i-covector field rii{x) 
on the manifold M. It is not difficult to see that the mapping 
Sv,n ■■ M T*'=M defined locally by 



X' = X, 

1 r/'=~2T/i 

(11.3.5) 7/(1)' = vHx) T/^*^-!)* = = - — 

Pi = Vt{x) 

is a cross- section of the canonical projection tt*^ : T*^M — >■ M. It follows that 
Sv,'q{M) is a local embedding of M in the manifold T*''M. 

The restriction of the fundamental tensor g^^ of the space GH^''^" to Sv,r] 
will be called the Syngc metric of the Hamiltonian Relativistic Optics. The 
restriction of function n{x,y^^\ ...,y^^~^\p) to Sv,ri{M) is the refractive index 
of the dispersive optic medium: 

(M, V{x), 7?(x), n{x, V{x), .^^^-i^^-^, 

Therefore, we say that the geometry of the generalized Hamilton space of 
order k, GH'^^^'^ = {M,g^^), with the fundamental tensor g^^ in (11.3.2) is the 
geometrical theory of the previous optic medium, endowed with Synge metric. 

If the refractive index n depend on a; € M only, then the optic medium is 
called nondispersive. 

o 

Let us consider the canonical nonlinear connection N with the dual coef- 
ficients Mj,..., Mj of the Finsler space fC^"!)" = [M,F). For simplicity we 
(1) (fe-i) 

assume that M] = M'.{x,y'''^'>), (see ch. 8, §8). In this case (Mj,..., M] ,%), 
(1) (1) (1) (fe-i) 

with: 



(11.3.6) N,j = -^^{M^)p, 

define a nonlinear connection A'' of the space 

QH{k)n ^ (M,5'J) determined 

only by the fundamental tensor (/'^ . 

^^^W^'-'W^^^^^ (dx%^y(i)%...,<5j/('=-^)%5i,.) be the 
adapted local basis and adapted local cobasis corresponding to the nonlinear 
connection N. 

We can determine the canonical metrical A''- linear connection CT{N) of the 
space GH^^^^ starting from the expressions (11.3.2) and (11.3.3) for the fun- 
damental tensor g^^ and its covariant tensor field gij and applying the usual 
tehniques of calculus. 
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The connections N and CT{N) allow to study the geometry of the space 
(^^(*:)"_ Taking the restriction of its main geometrical object field to the sec- 
tion Sv,ri{M) we obtain the main notions and properties of the Hamiltonian 
Relativistic Optics. 

Evidently, there are some particular cases, as: 

a) the nondispersive media 

b) the Finsler space F^^~^^'^ is the prolongation of order A; — 1 of a Finsler 
space F" = {M,F{x,y^^^)). 

Let us consider the absolute energy of the space GH^''^"', [115]: 

(11.3.7) S = g''PiPj 

Taking into account the expression (11.3.2) of g'^^ and the function a from 
(11.3.2a), we get: 

(11.3.7a) £ = a\\pf 

Consequently, we can say that £{x, j/^^ , j/''^^') , p) is a differentiablc Hamil- 
tonian uniquely determined by the fundamental tensor g^^ of the space GiJ^*^'". 
It allows to determine the Hamilton - Jacobi equations of the space. These 
equations are given by (5.1.17), (5.1.17'). The energies of order fc — 1, 1 are 
expressed in (5.3.1) with H = £ and the low of conservation is mentioned 
in Theorem 5.3.2. Also, Theorem 5.5.3 gives the Nother symmetries for the 
Hamiltonian H = £ from (11.3.7). 

11.4 The Metrical Almost Contact Structure of 
the Space Gi/^^^" 

The generalized Hamilton space of order fc, Gi^^^)" = {M,g^^), endowed with 
an apriori given nonlinear connection N determines a metrical almost contact 

structure on the manifold T*'^M . 

The A/'-lift of the fundamental tensor field g^^ is 

fc-i 

(11.4.1) G= gijdx' ^ dx^+ ^ <?,,5y(")* O + g'^Sp^ ^ Spj 

a=l 

Evidently: 

V , _ , 

1° G is a pseudo-Riemannian structure on T* M. 

2° The distributions A'^, A'', A' , 14_i and Wk are mutual orthogonal with 

1 fe— 1 

V 

respect to G . 

3° = gijdx' O dx^, G^" = gij5y^°'">^ O ^yW^ (q, = i, - 1), 
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= g^^Spi (g) 6pj are d- tensor fields. 

4° G^,G^°, {a = 1, fc — 1) and G^*" are covariant constant with respect 
to the canonical metrical -connection CT{N). 

The geometrical object fields N and g^^ determine an almost contact {k—l)n- 

V 

structure F, (given in (6.8.2)): 



Sx^J '''' Spj' \Sy(»)i J " ' \SpiJ 5xi 

Theorem 6.8.1, from ch. 6 is valid: 

V 

Theorem 11.4.1 1° The structure F is defined only by N and g^^ . 

V , 

2^ ¥ is the following tensor field of type (11.1.1) onT*^M: 

V 5 ■ - 5 

(11.4.3) F= -9ij^ O dx' +g'^^® 6pj. 

opj dx^ 

3° Ker F= A/' ... 8 N , Im'F=N® Wk. 
1 fe-i 1 

V 

4° rank F= 2n. 

V V 

5° F3 + F= 0. 

V 

Consequently F is an almost (fc — l)n- contact structure on the manifold 

V 

The condition of normality of the structure F is given by (see (6.6.5)): 



(11.4.4) 

n 



k-l 



J2d{5y^"^'){X,Y)+d{5pi){X,Y) 



.a=l 



0, yX,Y € X{T*''M) 



V 

where Nv is the Nijenjuis tensor of F ■ 

¥ 

Theorem 8.9.4 is valid for spaces 

Theorem 11.4.2 For any generalized Hamilton space of order k, GH^^^"^ = 
{M,g''^) endowed with a nonlinear connection N the following properties hold. 

V V 

1° The pair (G, , F) is a pseudo-Riemannian almost {k—l)n-contact structure 
determined only by N and g''^ . 
2^ The associated 2-form is 

6 = 6piA dx" 
5° If the coefficients Nij of N are symmetric, then 

9 = dpi A dx" 
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is the canonical presymplectic structure on the manifold T*^M. 

V 

4° The conditions of normality of the structured is expressed by (11.4-4)- 

Finally, taking into account G from (11.4.1) and F from (11.4.3) it follows. 

Theorem 11.4.3 With respect to the canonical metrical connection Cr{N) of 
the space GH^^> we have 

Dx G= 0, Dx ¥= 



As such the geometry of the pseuclo-Ricmannian almost (fc — l)n-contact 

V V 

space can be studied by means of the canonical metrical TV-linear 

connection CT{N) of the generalized Hamilton space of order k, GH^'^^"'. 



11.5 Generalized Cartan Space of Order k 

Definition 11.5.1 A generalized Cartan space of order k, is a Generalized 
Hamilton space of order k, GH^''^"' = {M,g^^) in which the fundamental tensor 
g''^ satisfies the axioms: 

1° g^^ is positively defined on T*'^M. 

^ g'^^ is 0-homogeneous on the fibres of the dual bundle {T*^M,'k*^ ,M). 

We denote by GC^'°^" = {M,g^^) a generalized Cartan space of order k. 
^Prom the axiom 2° it follows 

Proposition 11.5.1 The following identities hold: 
1° g^^ being 0-homogeneous, we have 

(11.5.1) ^^,,0^' = ' 
or, developed: 

y^'^'^i + - + - '^y^'^^'d^i + y'" = « 

2^ The absolute energy 

(11.5.2) £ = g'^p.pj 

is 2k -homogeneous on the fibres ofT*^M. 

Jl/k—i 8 2kS . 
r +fcc* 

4° Cu-i C'^^ = -kC'^^". 
r +kc* 

Example 2. Let 9 be the fundamental tensor of the Cartan space Cf'^)" and 
a e T{T*^M) with the properties: 
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a) a is 0-homogeneous; 

b) 9' a nonvanishes. 

oij 

The pair GC^'''>" = e~^'^ 9 is a generalized Cartan space of order k. 
In particular we can consider 

a = 



9ij y^'^'y 

The previous example shows the existence of the spaces GC^''^"' are not 
reducible to a Cartan space of order k. 

Let N* be a nonlinear connection on T*^M, having the coefficients 
(M", M" , Nij) homogeneous of degree k — 1, 1, fc respectively. 

(1) (fc-i) 

Theorem 11.5.1 There exists an unique canonical metrical N* -connection of 

the space GC(*=>\ Its coefficients are given by (9.5.5). 

Now, the geometry of GC^'^)"can be studied like the geometry of GH'^'^^" 
spaces. 

The N*-m to T**^M of the fundamental tensor of GC^^)", given by 
(11.3.2) is not homogeneous on the fibres of the bundle r**=M. Therefore, 
taking into account the following Hamiltonians: 

(11.5.3) 

^ ^ (2)i(2W „ (fe-l)i(fe-l)j .. 

£i=9ij z z,£2=gij z z ,...,£k-i = Qij z z ,£ = g'-^piPj, 
we can define the following tensor field: 



^— ^ 1 1 
(11.5.4) G= gijdx^ ® dx^+ -^QiM"'^" ® ^y^"^' + -^9^'Spi 6pj. 

a=l ^« ^ 

Evidently, £ > 0. 

Theorem 11.5.2 G is a Riemannian structure on T*'^M, determined only by 
the fundamental tensor g^^ of the space GC^'^^" and the nonlinear connection 
N*. 

Consider the J"(T*'=M)-linear mapping F: X{T*''M) X{T*''M) defined 

by: 

(11.5.5) 

We obtain: 
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Theorem 11.5.3 We have: 

1° V is a tensor field on T*^M of type (1,1). 

o 

2^ V is expressed in the adapted basis by 
(11.5.6) F= -£9^, s^^^dx' + ^s^'^ ^Pi 

o 

3° rank F= 2n 

° o 

4° F3 + F= 

o 

5° F is determined only by g*-' and N* . 

Theorem 11.5.4 For a generalized Cartan spaces of order k, GC^''^'^ = {M,g^^) 
endowed with a nonlinear connection N* the following properties hold: 

o o 

1° The pair (G, F) is a Riemannian almost {k — l)n-contact structure deter- 
mined only by N* and g^^ . 
^ The associated 2-form is 

o 

e= SgijSpi A dx^ 
The proofs are made by usual methods. 

^ o o 

Concluding, the space (r*'^M, G, F) is the geometrical model for the gener- 
alized Cartan space of order k. 
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